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ABSTRACT

Shape-Tailored Invariant Descriptors for Segmentation

Naeemullah Khan

Segmentation is one of the first steps in human visual system which helps us see

the world around us. Humans pre-attentively segment scenes into regions of unique

textures in around 10-20 ms. In this thesis, we address the problem of segmentation

by grouping dense pixel-wise descriptors. Our work is based on the fact that human

vision has a feed forward and a feed backward loop, where low level feature are used to

refine high level features in forward feed, and higher level feature information is used

to refine the low level features in backward feed. Most vision algorithms are based

on a feed-forward loop, where low-level features are used to construct and refine high

level features, but they don’t have the feed back loop. We have introduced ”Shape-

Tailored Local Descriptors”, where we use the high level feature information (region

approximation) to update low level features i.e. the descriptor, and the low level

feature information of the descriptor is used to update the segmentation regions. Our

”Shape-Tailored Local Descriptor” are dense local descriptors which are tailored to an

arbitrarily shaped region, aggregating data only within the region of interest. Since

the segmentation, i.e., the regions, are not known a-priori, we propose a joint problem

for Shape-Tailored Local Descriptors and Segmentation (regions).

Furthermore, since natural scenes consist of multiple objects, which may have

different visual textures at different scales, we propose to use a multi-scale approach

to segmentation. We have used a set of discrete scales, and a continuum of scales in

our experiments, both resulted in state-of-the-art performance.
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Lastly we have looked into the nature of the features selected, we tried hand-

crafted color and gradient channels and we have also introduced an algorithm to

incorporate learning optimal descriptors in segmentation approaches. In the final part

of this thesis we have introduced techniques for unsupervised learning of descriptors

for segmentation. This eliminates the problem of deep learning methods where we

need huge amounts of training data to train the networks. The optimum descriptors

are learned, without any training data, on the go during segmentation.
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Chapter 1

Introduction

Computer Vision is the field of designing algorithms for machines to extract useful

information from images and videos. Human visual tract is a complex neurological

system, in which the intensity input from environment is interpreted as useful infor-

mation. Humans have a remarkable ability to recognize objects and localize them in

natural scenes, hence object recognition is also a central problem in computer vision

[3]. In order to correctly localize and recognize objects, we need to first know where

the different objects are in images and videos. This is achieved through segmentation,

where we divide image into region of unique visual properties (surface properties and

textures). More complex vision application like object detection, object tracking and

recognition can then be built on top of the segmentation results.

One of the most important property of objects for segmentation is surface texture.

Texture are important in our perception of the world around us. It is one of the

first cues in human vision which allows human to pre-attentively segment objects

in a scene. Textures therefore play a key role in segmentation algorithms. A good

segmentation algorithm should be able to discriminate between different textures

while being invariant to complex nuisances of textures.

In this work we will try to tackle the problem of segmentation, i.e. breaking an

image down in to regions of similar looking textures and regions, which is important

in computer vision (e.g., for defining a mid-level representation) [4, 5, 6], computer

graphics (e.g., as a base step for texture synthesis) [7, 8], and in understanding human

visual perception [9].
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Segmentation has applications in medical imaging e.g. Pujol and Radeva [10] used

segmentation in intravascular ultrasound images to segment the lumen (blood) and

the plaque (tissue). Segmentation also has application in aerial image analysis, doc-

ument processing and surface quality inspection. In [11] Dubuisson-Jolly and Gupta

applied color and texture fusion to aerial image segmentation. Their algorithm uses

maximum likelihood classification combined with a certainty based fusion criterion.

A detailed discussion of applications of segmentation can be found in [12].

One of the major approaches in vision for segmentation is local invariant descrip-

tors. Local invariant descriptors (e.g., [5, 13, 14, 15, 16]) are image statistics at each

pixel that describe neighborhoods in a way that is invariant to geometric and pho-

tometric nuisances. They are typically computed by aggregating smoothed oriented

gradients within a neighborhood of the pixel. These descriptors play an important

role in characterizing local textural properties. This is because a texture consists of

small tokens, called textons [9], which may vary by small geometric and photometric

nuisances but are otherwise stationary. Careful construction of these descriptors is

crucial since they play a key role in low-level segmentation, which in turn plays a role

in higher level tasks such as object detection and segmentation.

Existing local invariant descriptors aggregate oriented gradients in predefined pixel

neighborhoods that could contain image data from different textured regions, espe-

cially near the boundary of the texture. This leads to ambiguity in grouping descrip-

tors, especially for descriptors near the boundary. This could lead to segmentation

errors if descriptors are grouped to form a segmentation. The problem is exacerbated

when the textons in the textures are large. In this case, the neighborhood of the

descriptor needs to be chosen large to fully capture texton data. See Fig. 1.1. Ideally,

one would need to construct local descriptors that aggregate oriented gradients only

from within textured regions. However, the segmentation is not known a-priori. Thus,

it is necessary to solve for the local descriptors and the region of the segmentation in
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a joint problem.

To construct descriptors on the region of interest of textured regions, we propose

the use of PDE based descriptors where information is aggregated on the region of

interest. We solve a Poisson equation with Neumann boundary conditions on the

region of interest to get the descriptors. This allows us to construct shape-tailored

descriptors. A joint energy is constructed on these descriptors where descriptors and

segmentation is jointly evaluated to get the segmentation.

Next, we will consider the question of scale selection in segmentation. An image

consists of many different structures at different scales, and thus the notion of scale

space [17], which consists of blurs of the image at all degrees, has been central to

computer vision. The need for incorporating scale space in segmentation is well-

recognized [18]. Further, there is evidence from human visual studies (e.g., [19, 20])

that the coarse scale, i.e., from high levels of blurring, is predominantly processed

before the fine scale. This coarse-to-fine principle has led to many efficient algorithms

that are able to capture the coarse structure of the solution, which is often most

important in computer vision. Therefore, it is natural for segmentation algorithms

to use scale space and operate in a coarse-to-fine fashion.

Existing methods for segmentation that incorporate scale have either one of the

following limitations. First, most segmentation methods (e.g., [21, 22, 23]) based on

scale spaces consider global scale spaces that are computed on the whole image, which

does not capture the fact that there exist multiple regions of the segmentation at

different scales, and this could lead to the removal and/or displacement of important

structures in the image, for instance, when large structures are blurred across small

ones, leading to an inaccurate segmentation. Second, algorithms that use a coarse-to-

fine principle (e.g., [24, 25]) do so sequentially (see Figure 1.2) so that the algorithm

operates at the coarser scale and then uses the result to initialize computation at

a finer scale. While this warm start may influence the finer scale result, there is



15

no guarantee that the coarse structure of the segmentation is preserved in the final

solution.

In this thesis, we also develop an algorithm that simultaneously addresses these

two issues. Specifically, we formulate a novel multi-region energy for segmentation,

which integrates a continuum of scales from Shape-Tailored Scale Spaces. These scale

spaces are defined within regions of the segmentation, and thus they prevent removal

or displacement of important structures. By integrating over a continuum of scales

of the scale space determined by the heat equation, we show that this energy has

preference to coarse structure of the data without ignoring the fine structure. We

show that it operates in a parallel coarse-to-fine fashion (see Figure 1.2). That is,

it is initially dominated by the coarse structure of the data, then segments finer

structure of the data, while preserving the structure from the coarse-scale of the

data. We provide analytic solutions for the optimization of the energy, which leads

to a computationally more efficient method than similar energies integrating discrete

scales. We apply our algorithm to the problem of texture segmentation, and show

that our method outperforms discrete scale spaces and existing state of the art. We

also apply our method to motion segmentation, the results show the advantage of

the shape-tailored continuum scale space, and show out-performance against existing

state of the art.

Next, in this thesis, we address the problem of constructing descriptors invariant

to complex nuisances yet discriminative of textures, while aggregating image statistics

only within regions of interest. To do this, we use the base shape-tailored descriptors

of [26], which are color channels and oriented gradients at various scales defined

through PDEs, and learn a function of such base descriptors that is invariant to more

complex nuisances than the limited invariances to small contrast and small geometric

distortions that the base descriptors possess. By learning a function of base shape-

tailored descriptors, we automatically inherit the shape-tailored property, i.e., that the
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learned descriptors aggregate image statistics only within regions of interest. Thus,

they are naturally suited for a joint problem in the segmentation and the descriptors.

The problem we wish to address does not fit into a labeling problem, where one

labels each pixel in the image according to pre-defined labels, representing certain

categories in a training set. In particular, we do not wish to segment classes of

textures (e.g., different types of tree barks or different types of sea shells should not

be labeled the same). Since the set of textures in the natural world is enormous,

perhaps not even enumerable, it is infeasible to construct a training set with samples

of each texture labeled. Further, we wish to segment textures that are not even in

the training set. Instead of associating a class label to each texture, we aim to learn

generic descriptors, beyond just textures or classes of textures in the training set, by

learning a metric to discriminate textures by their base shape-tailored descriptors.

By learning a metric to discriminate textures, the training set only needs to consist of

ground truth segmentations of textures and not class labels. The aim is, by choice of

appropriate regularization in the learning method, the metric and hence the descriptor

generalizes beyond the training set and learns generic properties of all textures. The

learned descriptor is the output of a fully connected neural network whose input is

a base shape-tailored descriptor. The metric is formed from a Siamese network [27]

composed of the aforementioned neural network, and a weighted L2 norm between

the output of each component of the Siamese network.

1.1 Objectives and Contributions

In this work, we answer the following questions: 1. Assuming that the segmentation

region is known, how does one compute local invariant descriptors (aggregations of

oriented gradients at various scales/neighborhoods) so that data is aggregated only

within the region (shape)? 2. Since the segmentation region is unknown, how does

one determine the region? 3. What are right scales to use to get the correct
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Non Shape-Tailored (Traditional) Features Shape-Tailored Local Descriptors (ours)

small textons large textons small textons large textons

Figure 1.1: Descriptors Not Tailored to Shape Lead to an Inaccurate Seg-
mentation. Descriptors that aggregate image data that have no knowledge of the
boundaries of different texture regions lead to erroneous segmentation, and the prob-
lem is exacerbated as the texton size increases. [Left]: Segmentation using Descriptors
that are not aware of boundaries. [Right]: Segmentation by Shape-Tailored Local De-
scriptors solved as joint problem.
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Sequential Coarse-to-Fine

Parallel Coarse-to-Fine (Ours)

Figure 1.2: Sequential and Parallel Coarse to Fine Segmentation Compar-
ison. [Top]: Sequential coarse-to-fine methods use the result of segmentation (red)
from the coarse scale to initialize (yellow) the finer scales, and may lose coarse struc-
ture of the coarse segmentation solution without additional heuristics. Note that the
result of segmentation of the coarse scale is the left image in red (the blurred image
is not shown), and towards the right segmentation is done at finer scales. [Bottom]:
Our parallel coarse-to-fine approach considers a continuum of scales all at once and
has a coarse-to-fine property. The evolution is shown from left to right.

coarse-to-fine segmentation? 4. How to get optimum learned descriptors from hand-

crafted channels? 5. How to setup unsupervised learning setup for learning invariant

descriptors?

We introduce Shape-Tailored Local Descriptors to answer the first question. Shape-

Tailored Local Descriptors are solutions of PDEs defined on arbitrarily shaped re-

gions. They are constructed using PDEs since PDEs generalize scale-space to ar-

bitrarily shaped regions, and PDEs provide a convenient framework, whereby the

shape-tailored neighborhoods in which to aggregate data are implicitly defined, and

never needed to be computed explicitly. Question two is answered with a joint prob-

lem for ”Shape-Tailored Local Descriptors” and the region. Defining descriptors with

PDEs allows one to derive an evolution equation for the estimated region and descrip-

tors (implicitly evolving the neighborhoods) see Fig. 1.3. For question three, we show

the continuum scale space of Heat equations manifest a natural coarse-to-fine behav-

ior. Furthermore we formulate an energy based on the continuum scale space of Heat
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equation where the scale space does not need to be computed explicitly and only a

Poisson equation at native scale is used to evolve the region and get the segmentation.

For question number four, we provide a learning strategy using which an optimum

non linear combination of hand-crafted descriptors is learned for segmentation task

using Siamese twin network where each component of the Siamese twin is composed

to fully connected layers to learn the optimum non-linear combination of the input

shape-tailored descriptors. For question 5, we construct an energy where the invariant

descriptor learning and the segmentation evolution are performed jointly.

The contributions of this thesis folds in the following streams:

• We introduce shape-tailored local descriptors that are local descriptors tailored

to an arbitrary shaped region. Eliminating the problems generated by aggregating

data across the texture boundaries irrespective of the size of the neighborhood chosen

for the local descriptor.

•We compute the shape variation for shape-tailored local descriptors. The change

in the value of the local descriptor with a slight perturbation of the boundary of

the region. Notice that the Shape-Tailored local descriptors are the function of the

boundary of the region because data is aggregated only on the region. A perturbation

of the boundary of the region will results in change in the descriptor.

• We construct and optimize a joint energy for segmentation and shape-tailored

local descriptors. Shape-tailored local descriptors solve the problem (of traditional

local descriptors) created because of aggregating data across the texture boundaries.

But the problem of finding the right region to aggregate data from, still remains. To

address this we solve the problem of region and descriptors in a joint manner.

• We look at the continuum shape-tailored scale space from heat equation in

segmentation and show that it has a natural coarse-to-fine property.

• We show how to construct learned shape-tailored descriptors, descriptors that

aggregate image statistics only within arbitrary shaped regions of interest and are
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Existing Features: Desired: neighborhoods
not tailored neighborhoods tailored to unknown texture

iteration=0 iteration=100 converged

Figure 1.3: How Does One Compute Descriptor for an Unknown Textured
Region? [Top Block, left image]: Existing local descriptor aggregate data from
neighborhoods with no knowledge of texture boundaries. [Top Block, right image]:
Desired descriptors should aggregate data from neighborhoods not crossing texture
boundaries. [Bottom Block]: our approach starts with an initial estimate of textured
region (green), computes descriptors by aggregating data from neighborhoods tailored
to the region, updates the region estimate, recomputes the descriptors, until the
descriptors are only computed within the textured region.

invariant to complex photometric and geometric nuisances yet discriminative for seg-

mentation. The shape-tailored property is necessary so that segmentation by grouping

descriptors can be accomplished, and the invariance is needed to segment textures

plagued by nuisances. Invariance is accomplished by learning it from training data.

• We formulate grouping of learned shape-tailored descriptors as a joint opti-

mization problem for the segmentation and descriptors, and derive the optimization

algorithm.

• We formulate an energy where the invariant shape-tailored descriptors are

learned and the segmentation is evolved jointly. We don’t need any training data

and the learning is completely unsupervised.
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1.2 Related Work

Many approaches [28, 29, 30, 31, 32, 33, 34] to segmentation partition the image into

regions that have global intensity distributions that are maximally separated by a

distance on distributions. A drawback of global intensity distributions is that spatial

relations are lost. This is important in characterizing textures. Spatial correlations

between neighboring pixels are considered in [35] by creating a vector of the four

neighboring pixel values for each pixel. Grouping these vectors improves segmenta-

tion. A recent approach [36] uses frequencies of neighboring pixel pairs within the

image to determine texture boundaries. In [37], small neighborhoods are obtained

from a super-pixelization and used in segmentation. Super-pixels may cross texture

boundaries, aggregating data across boundaries.

Larger neighborhoods are considered in [38]. Gabor filters at various scales and

orientations have been used widely in texture analysis (e.g., [5]), and the response of

these filters (or others [39, 40]) have been used as a descriptor in texture segmentation

(e.g., [41, 42]), and as an edge-detector [43]. These approaches depend on the size

of the neighborhood chosen. The optimal size is determined by peaks in the entropy

profile of intensity distributions of increasingly sized neighborhoods in [44, 45, 46]. An

aspect that remains an issue in all these methods is that neighborhoods may cross

texture boundaries, which our method addresses. In [47], these boundary effects

are mitigated by a top-down correction step, however, the method only deals with

neighborhoods that are a few pixels in length.

We use variational methods to optimize the Mumford-Shah energy incorporating

our shape-tailored local descriptors. Many active contours based methods[48] are

driven to group pixel intensities based on intensity statistics. For example, global

intensity means in the regions are used in [49, 50], and global histograms are used

in [30, 32]. Since images are not always described by global intensity statistics, local

intensity statistics have been used to group pixels (e.g., [51, 52, 53, 54]). Since these
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methods aim to group pixels, they do not capture texture in many cases. These

energies are optimized using gradient descent, but more recently methods of convex

relaxations have improved results in many cases [55, 56, 57].

Our Shape-Tailored descriptors are the solutions of PDE defined within regions.

Thus, the energies we optimize involve integrals over the regions of functions of PDE

that are dependent on the regions. While we use direct methods of calculus of vari-

ations to optimize these energies, one can also use shape gradients [58] (see also,

[59, 60]). Our contribution lies in introducing new descriptors for segmentation, and

not in the method of optimization.

Scale space theory [17, 61, 62, 63] has a long and rich history as a theory for

analyzing images, and we only provide brief highlights. The idea is that an image

consists of structures at various different scales (e.g., a leaf of a tree exists at a different

scale than a forest), and thus to analyze an image without a-priori knowledge, it is

necessary to consider the image at all scales. This is accomplished by blurring the

image at a continuum of kernel sizes. The most common kernel is a Gaussian, which

is known to be the only scale space satisfying certain axioms such as not introducing

any new features as the image is blurred [64]. Scale space has been used to analyze

structures in images (e.g., [65, 66, 64, 67]). This has had wide ranging applications

in stereo and optical flow [68], reconstruction [69, 70], key-point detection in wide-

baseline matching [13], design of descriptors for matching [71], shape matching [72],

and curve evolution [73], among others.

Gaussian scale spaces have also been used in image segmentation, most notably

in texture segmentation [47, 29, 21, 22, 74], which occur frequently in natural images

[23]. While these methods capture important scale information, they use a global scale

space defined on the entire image, which does not capture the characteristic scale of

features within regions and blurs across segmentation boundaries. Anisotropic scale

spaces [18, 75] have been applied to reduce blurring across boundaries, but this could
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blur across regions where edges are not salient. Recently, [26] have addressed this

issue by computing scales locally within the evolving regions of the segmentation.

However, only a discrete number of scales are used and thus the method does not

exhibit coarse-to-fine behavior. Such methods for segmentation have been numerically

implemented with various optimization methods, including level sets [76], convex

methods [57, 77], and others [78]. The energy we consider is not convex, and thus we

rely on gradient descent on curves. The energy we consider involves optimization with

partial differential equation (PDE) constraints, and thus we build on optimization

methods from [59, 58].

Coarse-to-fine methods, where coarse representations of the image or objective

function are processed and then finer aspects of the data are successively revealed,

have a long history in computer vision [24]. In these methods, data or the objective

function is smoothed, and the smoothed problem is solved. The result is used to

initialize the problem with less smoothing, where finer details of the data are revealed.

The hope is that this finer result retains aspects of coarse solution, while gradually

finding finer detail. However, without additional heuristics such as restricting the

finer solution to be around the solution of the coarse problem, there is no guarantee

that coarse structure is preserved when solving the finer problem. Recently, [25]

provided analysis and derived closed form solutions for the smoothing of the objective

in problems of point cloud matching. Our method uses a single energy integrating over

a continuum of scales in parallel, rather than a sequential approach where multiple

energies from coarse to fine are solved. This guarantees that the coarse and fine scale

aspects of the desired solution are obtained.

Since we also apply our method to the problem of segmenting moving objects in

video based on motion, we highlight some aspects of that literature most relevant to

this work. Methods for motion segmentation are based on optical flow (e.g., [79]).

Piecewise parametric models for motion of regions in segmentation are used in e.g.,
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[80, 81]. Non-parametric warps are used for motion models (e.g.,[82, 83, 84]). Our

goal here is not to estimate motion, but rather we use existing techniques for motion

estimation, and improve the segmentation of regions by merely replacing a single scale

formulation with our novel continuum scale space approach.

Existing approaches for segmentation can be roughly divided into learning based

approaches and “hand-crafted” approaches. Further, hand-crafted approaches can be

divided into edge-based and region-based approaches. Some region-based approaches

attempt to partition the image into regions that have global intensity distributions

that are maximally separated [28, 30, 34]. Since spatial relations are lost, other ap-

proaches have tried to incorporate spatial relations by considering distributions of

pairs or neighborhoods of pixels (e.g., [36]). Larger neighborhoods are described, by

for instance the output of Gabor filters at various scales and orientations [5], and

grouped in other approaches for texture segmentation [40, 42, 44]. However, such

approaches are affected by the problem that describing neighborhoods without know-

ing or having an estimation of the segmentation is prone to errors as neighborhoods

that aggregate statistics across segmentation boundaries are difficult to group. This

problem was addressed by [26], who formulated the estimation of descriptors and

segmentation as a joint problem. However, the descriptors constructed in [26] were

hand-crafted, and do not exhibit invariances to complex nuisances.

Edge-based approaches (e.g., [43]) attempt to locate edges as a response to a filter

bank. [43] use a filter bank of Gabor filters among other hand-crafted filters. Such

responses are then post-processed to fill gaps, and generate a segmentation. Learning-

based approaches to edge detection have been shown to achieve better results [1, 85, 2].

Such approaches have used deep learning to derive a probability that a pixel belongs

to boundaries between segments. While these approaches achieve impressive results,

still a difficulty remains in generating the segmentation from edges, which still rely on

hand-crafted approaches [43] and the problem remains not fully solved. Alternatively,
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region-based approaches, like our method, solve directly for the regions, and avoid

this problem. However, they have the problem of selecting the correct number of

regions, which cannot be fully addressed without a hierarchy of segmentations. Our

approach addresses one of the problems in region-based approaches, that of learning

descriptors to group. Our approach is the first to address this problem to the best of

our knowledge.

There has been recent interest in methods for semantic segmentation using deep

learning [86, 87, 88]. These approaches aim to label each pixel in the image as se-

mantically distinct objects from a pre-defined set of objects. Such approaches achieve

impressive results. However, they are limited to object classes in the training set, and

it would be difficult to apply this approach to our problem of texture segmentation,

as the set of textures that we wish to segment is probably not even enumerable.

Recently there has been a huge body of work applying deep learning to different

vision problems [89, 1, 90, 85, 91, 92, 86, 87, 88, 93, 94, 95, 2], Segmentation being one

of them. Semantic pixel-wise segmentation is an active research topic in vision [96].

Traditional methods for segmentation related tasks uses hand-engineered features

for classifying pixels [97]. Patch descriptors can then be input to the classifier e.g.

Boosting or Random forest to predict the class probability of the center pixel.

Recently deep convolutional Neural Network have shown great success in clas-

sification related tasks and this has encouraged researchers to exploit the optimum

feature learning properties of the CNN for structured prediction problems like seg-

mentation. The other main deep learning approach is Recurrent Neural Network

where several low resolution predictions are merged to create image size prediction

map. These methods show improved performance over hand engineered features but

show poor performance in localizing exact boundaries because of pooling operations.

There has also been several attempts at training deep networks to find edges in

images[2, 1, 89, 90]. These deep networks for edges have shown state-of-the-art result
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Figure 1.4: Illustration of Holistically-Nested Edge Detection Method. Im-
age based on network from [1]

on BSD dataset for boundary matric [43]. [2] also showed state of the art results on

BSD dataset and PASCAL VOC 2012 [98] on boundary detection task. The numbers

obtained by these methods are comparable to human perception. A key point to

notice here is that the boundary metric on BSD is determined for general boundaries

of the dataset and not the boundaries of unique objects. The performance of human

observers rises significantly when asked to identify the boundaries of objects as shown

by [99]. This issue typical gives the illusion for edge-based methods that they are

comparable to human perception on boundary datasets[98, 43], this information has

to be taken with a grain of salt as the ground-truth for these dataset is designed

for all edges and not object boundaries hence the slightly lower number for human

perception.

Figure 1.5: Pushing the Boundaries of Boundary Detection Using Deep
Learning. Image based on network architecture of [2]
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1.3 Structure of the thesis

In Chapter 2, we introduce shape-tailored local descriptors that are used in this

thesis for segmentation and tracking related tasks. In Chapter 3, we formulate a

joint energy for region and descriptor that uses our shape-tailored local descriptors

in segmentation. In Chapter 4, we present continuum Gaussian scale space which

gives a coarse-to-fine property in segmentation. In Chapter 5, we present a learn-

ing approach to learn invariant shape-tailored local descriptors for segmentation. In

Chapter 6 we extend the learned shape-tailored invariant descriptors to unsuper-

vised case where we don’t need any training data to learn the descriptors. In Chapter

7, we detail our experiment for the synthetic texture segmentation, real-world tex-

ture segmentation, and motion segmentation datasets. This include performance and

accuracy analysis. In Chapter 8, we present the conclusion of this work, we identify

the key contribution, challenges, drawback and the future direction of this work.
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Chapter 2

Shape-Tailored Descriptors Formulation

In this chapter1, we define Shape-Tailored Descriptors. We compute their gradient

with respect to shape perturbations, and then the gradient of a region-based func-

tional involving the descriptors. These results will be needed to optimize the energy

for segmentation

2.1 Defining Shape-Tailored Descriptors

Let Ω ⊂ R2 be the domain of an image I : Ω → Rk (k ≥ 1). Let R ⊂ Ω be an

arbitrarily shaped region with non-zero area and smooth boundary ∂R. We compute

local descriptors for each x ∈ R. The descriptor describes I in a neighborhood

of x inside R. The descriptors at x ∈ R will be aggregations of image data I and

oriented gradients within multiple neighborhoods of x in R. This can be accomplished

conveniently using scale-spaces [101] defined by PDE. This motivates the definition

below.

Definition 1 (Shape-Tailored Local Descriptors). Let R ⊂ Ω be a bounded region

with non-zero area and smooth boundary ∂R. Let I : Ω → Rk. A Shape-Tailored

Descriptor, u : R → RM (where M = n × m, n,m ≥ 1) consists of components

uij : R → R so that u = (u11, . . . , u1m, . . . , un1, . . . , unm)T . The components are

1Work presented in this chapter is based on [26, 100]
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defined as: 
uij(x)− αi∆uij(x) = Jj(x) x ∈ R

∇uij(x) ·N = 0 x ∈ ∂R
, (2.1)

where 1 ≤ i ≤ n, 1 ≤ j ≤ m, ∆ denotes the Laplacian, ∇ denotes the gradient, N

is the unit outward normal to R, αi > 0 are scales, and Jj : R → R are point-wise

functions of the image I. In vector form, this is equivalent to


u(x)− A∆u(x) = J(x) x ∈ R

Du(x)N = 0 x ∈ ∂R
, (2.2)

where A = diag(α111×m, . . . , αn11×m) (an M ×M diagonal matrix), 11×m is a 1×m

matrix of ones, D denotes the spatial derivative operator, and J = (J1, . . . , Jm, . . . , J1, . . . , Jm, . . .)
T .

Remark 2.1.1. Possible choices for J can include oriented gradients of the gray-scale

value of I, color channels of I, and the grayscale image Ig. Note oriented gradients of

the grayscale image Ig, for an angles θi are defined as Iθi(x) :=
∫ θi+∆θ

θi
|∇Ig(x) ·eθ′ | dθ′

where eθ indicates a unit direction vector in the direction of θ, | · | is absolute value,

and ∆θ > 0 is the angle bin size. Unless otherwise specified, we choose Jj’s to be the

color channels and oriented gradients at angles θ = {0, π/8, 2π/8, . . . , 7π/8}.

Remark 2.1.2. The PDE (2.1), for each θ, form a scale space with scale parameter

αi. The PDE is the minimizer of

E(u) =

∫
R

(Jj(x)− u(x))2 dx+ αi

∫
R

|∇u(x)|2 dx.

Thus, uij is a smoothing of Jj and αi controls the amount of smoothing. Using the

Green’s function Kαi
, to be introduced in Section 2.2, uij(x) =

∫
R
Kαi

(x, y)Jj(y) dy,

where Kα(x, .) is a weight function. It has weight concentrated near x, and therefore

defines an effective neighborhood around x in which to aggregate data. An advantage
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of solving the PDE (2.1) is that Kαi
, i.e., the neighborhood, does not need to be

computed explicitly, and the PDE can be solved in faster computational time than

integrating the kernel (Green’s function) directly.

Remark 2.1.3. The key property in defining Shape-Tailored Local Descriptors is the

scale space defined within a region of arbitrary shape. Any other PDE besides the

Poisson-like PDE (2.1) could also be a valid choice.

Remark 2.1.4. The descriptor u is motivated by its covariance / robustness prop-

erties. Indeed, the descriptor is covariant to planar rotations and translations. This

follows from the covariance of the Laplacian. Further, the descriptor is robust to

small deformations of the set R. This can be seen since locally any deformation is

a translation, and the solution of the PDE can be approximated by taking local aver-

ages, which is robust to small translations. This robustness is useful for textures since

textons (especially in textures in nature) within regions vary by small deformations.

Figure 2.1 visualizes Shape-Tailored Descriptors for a region R and the region

Rc = Ω\R outside R. Notice that Shape-Tailored Descriptors aggregate data only

within regions and thus do not cause ambiguity near the boundary, whereas the non

shape-tailored descriptors aggregate the data on the entire domain, thus across the

boundary ∂R, resulting in ambiguity as seen by the blur near the boundary.

2.2 Shape-Tailored Descriptor Gradient

We now compute the variation of the descriptor uR as the boundary ∂R is perturbed.

The gradient with respect to the boundary can then be computed. Since the compu-

tations (proofs of Lemmas and Propositions) are involved, they are left to Appendix

B.

Since u has components uij, we compute the variation of uij. For simplicity of

notation, we suppress ij and write u. We denote by h, a vector field defined on ∂R.
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Non Shape-Tailored (Traditional) Descriptors
image α = 20, θ = 0 α = 20, θ = π/2 α = 200, θ=0 α = 200, θ = π/2

Shape-Tailored Descriptors
region mask α = 20, θ = 0 α = 20, θ = π/2 α = 200, θ=0 α = 200, θ = π/2

Figure 2.1: Shape-Tailored versus non Shape-Tailored Descriptors. [Top
Left]: Image, [Bottom Left]: region R (white), and outside Rc (black). [Top Right
Block]: non Shape-Tailored Descriptors have no knowledge of the shape, R, and thus
aggregate data across the boundary ∂R (red), causing ambiguity that is more pro-
nounced as the scale increases. [Bottom Right Block]: Shape-Tailored Descriptors (of
R and Rc) aggregate data only within their respective regions, eliminating ambiguity
near ∂R. The Shape-Tailored Feature of R, uα,θ : R → R, and of Rc, vα,θ : Rc→ R,
are displayed in a single image.

This is a perturbation of ∂R. Thus, h : S1 → R2 where S1 is the unit interval. We

denote by uh(x) := du(x) · h the variation of u at x with respect to perturbation of

the boundary by h.

We first show that uh satisfies a PDE that is the same as the descriptor PDE (2.1)

but with a different boundary condition and forcing term:

Lemma 2.2.1 (PDE for Descriptor Variation). Let u satisfy the PDE (2.1), h be a

perturbation of ∂R, and uh denote the variation of u with respect to the perturbation

h. Then 
uh(x)− αi∆uh(x) = 0 x ∈ R

∇uh(x) ·N = us(x)(hs ·N)−NTHu(x) · h x ∈ ∂R
(2.3)

where s is the arc-length parameter of ∂R, hs denotes the derivative with respect to

arc-length, and Hu(x) denotes the Hessian matrix.
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One can now use the previous result to compute the gradient of u, ∇cu, with

respect to c = ∂R. To do this, we express the solution of (2.3) using the Green’s

function [102], i.e., the fundamental solution, defined on R. The Green’s function

for (2.3) depends only on the structure of the PDE, i.e., left hand sides of (2.3), and

not the particular forcing function or the right hand side of the boundary condition.

Hence the Green’s function for (2.3) is the same as the Green’s function for (2.1).

The Green’s function is defined as follows:

Definition 2 (Green’s Function for (2.3)). The Green’s function, Kαi
: R×R→ R,

for the problem (2.3) (and (2.1)) satisfies


Kαi

(x, y)− αi∆xKαi
(x, y) = δ(x− y) x, y ∈ R

∇xKαi
(x, y) ·N = 0 x ∈ ∂R, y ∈ R

(2.4)

where ∆x (∇x) is the Laplacian (gradient) with respect to x, and δ is the Delta

function.

The gradient ∇cu(x) can now be computed:

Proposition 2.2.2 (Descriptor Gradient). The gradient with respect to c = ∂R of

uij(x) (one component of u(x)), which satisfies the PDE (2.1), is ∇cuij(x) =

[
∇uij · ∇yKαi

(x, ·) +
1

αi
Kαi

(x, ·)(uij − Jj)
]
N (2.5)

where N is the outward normal, ∇y denotes the gradient wrt the second argument of

Kαi
, and Du indicates the spatial derivative of u. We define ∇cu(x) to be the 2×M

matrix with columns as the components ∇cuij(x).

Remark 2.2.3. Note that ∇cu(x) is defined at each point of c for each x, and all

the terms in expression (2.5) are evaluated at a point of the curve c(s), which is

suppressed for simplicity of notation.
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The Green’s function is not expressible in analytic form for arbitrary shapes R. We

will see that we will need to only compute region integrals of the gradient multiplied

by a function. This, fortunately, may be expressed as a solution to a PDE, and thus

does not require the Green’s function. The integrals of descriptor gradients can be

computed as:

Proposition 2.2.4 (Integrals of Descriptor Gradient). Let f ,g : R → RM and u be

the Shape-Tailored Descriptor in R (as in (2.2)). Define Id[R,u, f ,g] as the quantity

−
∫
∂R

∇cu(x)g(x) ds(x) +

∫
R

∇cu(x)f(x) dx.

where dx and ds are the area and arclength measure. Then

Id[R,u, f ,g]=
(
tr[(Du)TDû] + (u− J)TA−1û

)
N (2.6)

where N is the outward normal to the boundary of R, tr denotes matrix trace, and


û(x)− A∆û(x) = f(x) x ∈ R

Dû(x)N = g(x) x ∈ ∂R
. (2.7)

We now compute the gradient of a weighted area functional involving Shape-

Tailored Descriptors. This result will be useful for computing gradients of energies

designed for segmentation in Section 3.

Proposition 2.2.5 (Weighted Area Gradient). Let F : RM → R and u : R → RM

be the Shape-Tailored Descriptor on R. Define the weighted area functionals as AF =∫
R
F (u(x)) dx. Then

∇cAF = (F ◦ u)N + Id[R,u, (∇F ) ◦ u,0] (2.8)
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where Id is defined as in Proposition 2.2.4.

The dependence of the descriptor on the region induces the terms involving Id in

the above gradient. Those terms depend on û defined in (2.7), which is the solution

to another PDE defined on R. Thus, when performing a gradient descent of AF , u

and û must be updated as the region evolves.
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Chapter 3

Segmentation of Shape-Tailored Descriptors

To illustrate the use of Shape-Tailored Descriptors in segmentation, we incorporate

the descriptors into the Mumford-Shah energy [51], and then use the results of the

previous section to compute its gradient.

Let I : Ω → Rk be the image, and J : Ω → RM be the vector of channels

computed from I. We assume that the region R that we wish to segment and the

background Rc = Ω\R each consist of Shape-Tailored Descriptors that are mostly

constant within neighborhoods of R and Rc following the Mumford-Shah model. We

denote by u : R→ RM (resp., v : Rc → RM) the Shape-Tailored Descriptor in region

R (resp., Rc) computed from J. Note that u and v are both computed from J at the

same scales αi. The piecewise smooth Mumford-Shah [51, 103, 104] applied to u and

v is

E(ai, ao, R) =

∫
R

(|u(x)− ai(x)|2 + β|Dai(x)|2) dx

+

∫
Rc

(|v(x)− ao(x)|2 + β|Dao(x)|2) dx+ γL, (3.1)

where ai : R→ RM and ao : Rc → RM are functions that vary smoothly within their

respective regions. In other words, they are roughly constant within local neighbor-

hoods of their respective regions. Note that D indicates the Jacobian, and the two

terms involving D enforce a smoothness penalty on ai and ao. β > 0 controls the

size of the neighborhoods for which the descriptors are assumed constant. β → ∞

implies the whole region is assumed to have a constant descriptor (as in the simplified
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piecewise constant Mumford-Shah or Chan-Vese model [49]). Smaller β assumes that

descriptors are constant within smaller neighborhoods. The functions ai, ao are also

solved as part of the optimization problem. Regularity of the region boundary is

induced by the penalty on the length L of ∂R, where γ > 0.

We use alternating minimization in R and ai, ao. One can optimize for ai and ao

given u, v and R to find


ai(x)− β∆ai(x) = u(x) x ∈ R

ao(x)− β∆ao(x) = v(x) x ∈ Rc

. (3.2)

Optimization in the region is performed using gradient descent, and the gradient can

be computed using results of the previous section:

∇E = (|u− ai|2 − |v − ao|2 + β|Dai|2 − β|Dao|2)N+

2(Id[R,u,u− ai,0] + Id[Rc,v,v − ao,0]). (3.3)

Figure 3.2 shows the gradient descent of E to segment a sample texture for the

case that ai, ao are assumed constant, i.e., the Chan-Vese model. To illustrate the

motivation for segmentation with Shape-Tailored Descriptors, we show comparison

to non-shape tailored descriptors (choosing the full image domain Ω to compute

descriptors by solving (2.1) once on Ω, and using the standard Chan-Vese algorithm

to segment these descriptors).

3.1 Numerical Implementation

We use level set methods [76] to implement the gradient descent of E. Discretization

follows the standard schemes of level sets. Let Ψ be the level set function, F be the

normal component of the gradient of energy ∇E, ∆t > 0 be the step size, and t the
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iteration number. Steps 2-5 below are iterated until convergence of Ψ:

1. Initialize Ψ0, R0 = {Ψ0 < 0}, Rc
0 = Ω\R0.

2. Solve for the Shape-Tailored Descriptors ut : Rt → RM , vt : Rc
t → RM by

solving (2.2) using an iterative scheme initialized with the Shape-Tailored De-

scriptors from the previous iteration (ut−1,vt−1) : Ω→ R (zero for t = 0).

3. Solve for ai,t : Rt → RM , ao,t : Rc
t → RM by solving (3.2) using an iterative

scheme with initialization ai,t−1, ao,t−1. For the piecewise constant model, ai,t

and ao,t are the averages of ut and vt, respectively.

4. Solve for the “hat” descriptors ût : Rt → RM , v̂t : Rc
t → RM by solving (2.7)

(with the corresponding forcing and boundary functions determined by the ar-

guments of Id in (3.3)) using an iterative scheme with initialization (ût−1, v̂t−1).

5. Solve for F using (3.3). Then Ψt = Ψt−1 − ∆tF |∇Ψt−1|, and Rt = {Ψt <

0}, Rc
t = Ω\Rt.

The multigrid algorithm is used to solve for ut, vt, ai,t, ao,t, ût, and v̂t. After the

first iteration, the update of these descriptors is fast since the solution changes only

slightly between t− 1 and t. Details of the numerical scheme is left to Appendix B.

Updates for each of the components of ut,vt can be done in parallel as the com-

ponents are independent. Similarly for ai,t, ao,t and ût, v̂t. Using a 12 core processor,

our implementation to minimize E on a 1024× 1024 image roughly takes 18 seconds

for the piecewise constant model. This is with a box tessellation initialization, and

the number of descriptor components is M = 55.
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θ = 0 θ = π/4 θ = π/2 θ = 3π/4 scale

α = 20

α = 30

α = 40

α = 50

α = 60

Figure 3.1: Shape-Tailored Descriptors. Shape-Tailored Descriptors for R and Rc

are shown for different scales and orientations, the boundary between two regions is
shown in red.
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non Shape-Tailored Descriptor Segmentation Evolution

Shape-Tailored Descriptor Segmentation Evolution (Minimization of Er)

iteration=0 iteration=200 iteration=400 iteration=600 converged

Figure 3.2: Shape-Tailored vs. Non Shape-Tailored Descriptor Segmen-
tation Evolution. [Top]: Non Shape-Tailored (traditional) local Descriptors seg-
mented with Chan-Vese. Steps in the evolution are shown. Since traditional De-
scriptors aggregate image data across textures, Descriptors near texture boundaries
are ambiguous, causing errors. [Bottom]: Shape-Tailored Descriptors (same α, θ) are
computed jointly with the segmentation, and since data is aggregated within regions,
accurate texture boundaries are captured.

initialization compute descriptor update region
(only 1 component shown)

itr=0 itr=100 itr=250 converged

Figure 3.3: Numerical Implementation. Row1: Steps of numerical implemen-
tation, step 1: initialization of region with box tessellation, step 2: computation of
descriptor on R and Rc both descriptor are shown with boundary in red, step 3: region
update, 2 and 3 are repeated until convergence. Row 2: Segmentation evolution
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Chapter 4

Continuum Scale Space and Coarse-to-Fine Segmentation

In this section, we construct a coarse-scale preferential energy without blurring across

segments. To achieve this, we introduce a Shape-Tailored Continuum Scale Space1. A

Shape-Tailored Scale Space avoids blurring across regions, and a continuum of scales

obtains a coarse-to-fine property.

4.0.1 Shape-Tailored Heat Scale Space

The Gaussian Scale Space, constructed by smoothing the image with a Gaussian at

a continuum of scales (variances), can be generalized to be defined within regions

(subsets of the image) of arbitrary shape by using the heat equation (see Figure 4.1).

The solution to the heat equation defaults to Gaussian smoothing when the domain

is R2. The heat equation, defined in a region R, is:


∂tu(t, x) = ∆u(t, x) x ∈ R, t > 0

∇u(t, x) ·N = 0 x ∈ ∂R, t > 0

u(0, x) = I(x) x ∈ R

(4.1)

where u : [0,+∞)× R→ Rk denotes the scale space, R ⊂ Ω ⊂ R2 is the domain (or

subset) of the image Ω, I : Ω → Rk (k ≥ 1 is the number of channels) is the image,

∂R denotes the boundary of R, N is the unit outward normal vector to R, ∇ denotes

the vector of partials, ∆ denotes the Laplacian, ∂t denotes the partial derivative with

1Work presented in this chapter is based on [105]



41

t = 0 t = 2 t = 8 t = 50

Figure 4.1: Shape-tailored scale space (solution of heat equation within regions with
boundary in red) for various times (scales). Notice the quick diffusion of fine scale
structures, and the persistence of coarse structure. The persistence of coarse structure
is important to our coarse-to-fine segmentation scheme.

respect to t, and t is the scale parameter parameterizing the scale space. Increasing

t indicates increasing amount of smoothing.

The construction of scale space using the heat equation is useful for segmentation

as it allows us to conveniently compute coarse scales of the data within regions of a

segmentation. If the regions are chosen to be the correct segmentation, this avoids

blurring data across segmentation boundaries. However, one does not know the seg-

mentation a-priori, and thus the regions are simultaneously optimized with the scale

spaces in the optimization problem defined next.

4.0.2 Coarse-Scale Preferential Energy

The Gaussian scale space is relevant in defining our coarse-scale preferential energy

as the heat equation removes the fine structure of the image in short time, and

spends more time removing coarse structure (see Figure 4.1) [106]. Therefore, a data

term integrating the scale space over the scale parameter of the heat equation gives

preference to segmentations separating the coarse over the fine structure. We thus

propose the following energy for segmentation integrating over a continuum of scales:

E =
N∑
i=1

∫
Ri

∫ T

0

|ui(t, x)− ai|2w(t) dt dx+ Reg(∂Ri), (4.2)
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where T > 0 is the final time, {Ri}Ni=1 are a collection of regions forming the segmen-

tation, ai ∈ Rk is the average of ui(t, ·), and w : R+ → R is a function that weights

each scale. It can be shown that ai is independent of t. This energy is the mean-

squared error of the image within the region across all scales. It generalizes common

single scale segmentation models, including piecewise constant Mumford-Shah (Chan-

Vese [103, 51]). Reg denotes usual curve regularization that will be discussed in the

implementation section, Section 4.1.3.

To further demonstrate the coarse preference of our energy, we write the data term

of the energy in Fourier domain. For simplicity, we choose w(t) = 1; other weights

lead to a similar conclusion. Choosing the whole domain as a region, the data term

can be written in Fourier domain as:

Lemma 4.0.1. Suppose I : R2 → R and a =
∫
R2 I(x) dx =

∫
R2 u(t, x) dx. Then

∫ ∞
0

∫
R2

|u(t, x)− a|2 dx dt =

∫
R2

|H(ω)Î(ω)|2 dω, (4.3)

where H(ω) = 1√
2|ω| , Î denotes the Fourier transform, and ω denotes frequency.

The proof can be found in Appendix C. The function H decays the high fre-

quency components of I at a linear rate, thus the energy gives preference to the coarse

image structure. Without integrating over the scale space, the energy in Fourier do-

main would result in H = 1, which has equal preference to coarse and fine structure.

4.1 Optimization and Scale Weighting

We now derive the optimization scheme for the energy (4.2), and propose and analyze

weight choices.
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4.1.1 Constrained Optimization Problem

The energy (4.2) is optimized with respect to the regions. Since the integrand of

the energy depends on the regions nonlinearly, as the heat equation has a non-linear

dependence on the region, the energy is not convex, and thus we apply gradient

descent. In order to compute the gradient, we formulate the energy minimization as

a constrained optimization problem. That is, we treat the minimization of the energy

(4.2) as defined on both the regions Ri and ui with the constraint that ui satisfies the

heat equation (4.1). This formulation allows us to apply the technique of Lagrange

multipliers, which makes computations simpler since the nonlinear dependence of ui

on Ri is decoupled.

Since all data terms of the energy in (4.2) have the same form, we focus on

computing the gradient for any one term. For convenience in notation, we avoid the

subscript i denoting the index of the region. Using Lagrange multipliers, we formulate

the energy as a function of region R, u, and the Lagrange multiplier λ : [0, T ]×R→ Rk

with the constraint that u satisfies the heat equation:

E(R, u, λ) =

∫ T

0

∫
R

f(u) dx dt+ ∫ T

0

∫
R

(∇λ · ∇u+ λ∂tu) dx dt, (4.4)

where f(t, u) = (u − a)2w(t). We have excluded the dependencies on x, t for conve-

nience of notation. We have also provided a more general form of the squared error

with a general function f of u. The second term comes from the weak form of the

heat equation. Integrating by parts to move the gradient from λ to ∇u gives the

classical form of the heat equation in (4.1). Therefore, the second term in (4.4) is

indeed obtained by Lagrange multipliers.

We may now compute the gradient for E (4.4) by deriving the optimizing condi-

tions in u and λ. Details are found in Appendix C. Optimizing in λ simply results
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in the original heat equation constraint, so we compute the optimizing condition for

u by computing the derivative (variation) of E with respect to u. This results in a

solution for λ as given below:

Lemma 4.1.1 (PDE for Lagrange Multiplier λ). The Lagrange multiplier λ satisfies

the following heat equation with forcing term, evolving backwards in time:


∂tλ(t, x) + ∆λ(t, x) = fu(t, u(t, x)) x ∈ R× [0, T ]

∇λ(t, x) ·N = 0 x ∈ ∂R× [0, T ]

λ(T, x) = 0 x ∈ R

, (4.5)

where fu denotes the partial with respect to the second argument.

Duhamel’s Principle [107] leads to the following solution:

Lemma 4.1.2 (Lagrange Multiplier λ). The solution of (4.5) can be written as

λ(t, x) = −
∫ T

t

F (s− t, x; s) ds. (4.6)

where F (·, ·; s) : [0, T ]×R→ R is the solution of the forward heat equation (4.1) with

zero forcing and initial condition fu(u) evaluated at time s, i.e.,


∂tF (t, x; s)−∆F (t, x; s) = 0 x ∈ R× [0, T ]

∇F (t, x; s) ·N = 0 x ∈ ∂R× [0, T ]

F (0, x; s) = fu(s, u(s, x)) x ∈ R

. (4.7)

In the case that f(t, u) = (u− a)2w(t), λ can be expressed as

λ(t, x) = −2

∫ T

t

(u(2s− t, x)− a)w(s) ds. (4.8)

The formula for λ in (4.8) is convenient for particular choices of the weight w
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as taking the limit as T gets large leads to the energy gradient being computable

without explicitly computing the scale space u, as shown in the next section.

With the optimizing conditions for u and λ of E, we can now compute the gradient

of the energy E with respect to R in terms of λ and u:

Proposition 4.1.3. The gradient of E with respect to the boundary ∂R can be ex-

pressed as

∇∂RE =

∫ T

0

[f(u) +∇λ · ∇u+ λ∂tu] dt ·N, (4.9)

where N is the normal vector to ∂R.

4.1.2 Weighting Functions

We now explore possible choices of weights, w. Some choices of weights may have

convenient solutions for the gradient that does not require computation of the scale-

space u, which makes the computational cost much less expensive than the generic

formula (4.9). As observed in the experiments, all have a coarse-to-fine behavior, but

each differs in the extent of this property. Calculations are provided in Appendix

C.

Exponential With Positive Exponent (ExpPos): We consider the weight

w(t) = e1/α[(t/T )2−1]1[0,T ](t), where α > 0 and 1 denotes the indicator function. Here,

the weight increases with scale so that the largest scales between 0 and T are weighted

the most. We truncate at a finite T . This is because for large scales, the image is

blurred too much to be used in segmentation, and very large scales should have

either low or zero weight. This weighting exhibits the most coarse-to-fine behavior

of any weightings we consider. Although this is the ideal weighting, to the best of

our knowledge, the gradient (4.9) cannot be written in a form that does not require

computation of the scale space. Thus, it is computationally more costly than other

weightings we consider. However, typically T is chosen small (e.g., T = 10 for a
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256× 256 image) in comparison to other weightings, which offers cost savings.

Truncated Uniform Weight (Uniform): We consider the weight function

w(t) = 1[0,T ](t). This uses a uniform weight on all scales between 0 and T . Since we

want to avoid very large scales (T →∞), we choose a finite T . The gradient when T

is large (but still finite) is approximated as

∇∂RE ·N ≈ (u0 + a)(aT − UT ) +
1

2
|∇UT |2, (4.10)

where u0 is initial condition to the heat equation (original data), and


UT (x)− T∆UT (x) = Tu0(x) x ∈ R

∇UT ·N = 0 x ∈ ∂R
. (4.11)

UT is the integral of the scale space from 0 to T and this can be approximated as

the solution of (4.11) (Appendix C). The advantage of (4.10) is that it does not

require explicit computation of the scale space, and (4.11) can be solved efficiently

iteratively. Indeed, in gradient descent of R, the solution for the previous iteration

can be used as a warm start for the next iteration. Analysis of the approximation is

in Appendix C.

Exponential With Negative Exponent (ExpNeg): We consider the weight

w(t) = e−(1/α)t for all t ∈ [0,∞), where α > 0. A small value of α implies that

only the small scales are relevant. A large value of α includes larger scales, which is

desired. The intuition for using this weighting is that it includes moderately large

scales with non-negligible weight as desired, it disregards very large scales as desired

by having exponentially decaying weight, and it has an exact solution for the gradient

that does not require the computation of scale space. One can show that the gradient

is

∇∂RE ·N = aα(a+ 2u0)− u0U2α +
1

4α
U2

2α −
1

2
|∇U2α|2, (4.12)
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where U2α solves (4.11) with T replaced by 2α. Like the uniform weighting, the

gradient yields a form that does not require the computation of the scale space. An

advantage over the uniform case is that the solution is exact.

4.1.3 Multi-Region Segmentation

We now present the numerical implementation of the gradient descent for energy

(4.2), when there are multiple regions. The term involving regularization is discussed

later. Let GiNi be the gradient of the ith summand of E in (4.2), where Ni is the

outward normal to Ri. For instance, GiNi can be any one of the expressions (4.9),

(4.10), (4.12). As shown in [28], the gradient of the full energy evaluated at a point

x is just the sum of GiNi for all i such that x ∈ ∂Ri. For a point x ∈ ∂Ri ∩ ∂Rj, this

yields that the gradient is (Gi −Gj)Ni.

To achieve sub-pixel accuracy, we use relaxed indicator functions φi : Ω → [0, 1]

for i = 1, . . . , N to represent the regions, similar to level set methods [76]. By a

slight abuse of notation, denote by Gi the quantity multiplying the normal vector for

region Ri in either of (4.9), (4.10), (4.12), which is defined in the entire region Ri.

We extend it from Ri to D(Ri), a small dilation of Ri, by solving for Gi in D(Ri).

The extension beyond the region is done so that the evolution of φi can be defined

around the curve, as in level set methods. Following [76] to convert a curve to a level

set evolution, the update scheme for φi inducing the gradient descent of the regions

is Algorithm 1.

The update of the φi in Line 7 of Algorithm 1 involves the term ∆φτi , which

provides smoothness of the curve. More sophisticated regularizers (such as length

regularization) may be used, but we have found this simple regularization sufficient.

We choose ε = 0.005 in experiments, and this does not need to be tuned, as it is mainly

for inducing regularity for computation of derivatives of φ. Further, considering the

scale space naturally induces regularity.
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continuum of scales, ExpPos weight

continuum of scales, uniform weight

continuum of scales, ExpNeg weight

discrete scales, STLD

native scale (no scale space)

segmentation evolution→

Figure 4.2: We compare usual segmentation of the native image scale, a discrete
shape-tailored scale space (STLD), ExpPos, Uniform, and ExpNeg weightings for
the continuum scale space. No coarse-to-fine behavior is exhibited for the native
image scale and STLD. The continuum scale spaces give coarse-to-fine behavior, with
ExpPos more so than other weightings.
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Algorithm 1 Multi-Region Gradient Descent

1: Input: An initialization of φi
2: repeat
3: Set regions: Ri = {x ∈ Ω : i = argmaxjφj(x)}
4: Compute dilations, D(Ri), of Ri

5: Compute band pixels Bi = D(Ri) ∩D(Ω\Ri)
6: Compute Gi for pixels in Bi

7: Update pixels x ∈ D(Ri) ∩D(Rj) as follows:

φτ+∆τ
i (x) = φτi (x)−∆τ(Gi(x)−Gj(x))|∇φτi (x)|

+ ∆τ · ε∆φτi (x).

8: Update all other pixels as

φτ+∆τ
i (x) = φτi (x) + ∆τ · ε∆φτi (x).

9: Clip between 0 and 1: φi = max{0,min{1, φi}}.
10: until regions have converged

4.2 Application to Motion Segmentation

In this section, we show how the results of the previous section can be applied to

motion segmentation. Motion segmentation is the problem of segmenting objects

and/or regions with similar motions computed using multiple images of the object(s).

One of the challenges of motion segmentation is that motion is inferred through a

sparse set of measurements (e.g., along image edges or corners), and thus the motion

signal is typically only reliable for segmentation in sparse locations. By using a scale

space formulation of an energy for motion segmentation, coarse representations of the

motion signal are integrated and more significantly impact the segmentation. This

property increases the reliability of motion segmentation (Figure 4.3), and the coarse-

to-fine approach captures the coarse-structure without being impacted by fine-scale

distractions at the outset.

With this motivation, we reformulate the motion segmentation problem with scale

space. Let I0, I1 : Ω → Rk be two images of a sequence where Ω is the domain of

the image. For a given region Ri, we define a mapping wi : Ri → Ω ⊂ R2, which we
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residual SS residual non-SS SS non-SS SS

Figure 4.3: Motion residuals at a single scale are sparse (left column), leading to
difficulties in using these cues in segmentation (non-SS). Motion cues at a continuum
of scales (SS) provide a richer signal (2nd column), which improves segmentation.
Segmentations (in purple) are shown for a frame (middle two) and a few frames ahead
(right two). Although errors in the non-SS approach are subtle between frames, they
quickly propagate across frames, compared to our approach.

call a warp or deformation that back warps I1 to I0. We assume that I0 and I1 are

related through wi by the Brightness Constancy Assumption, except for occlusions,

as in typical works in the optical flow [79]. Define the energy

Emseg =
N∑
i=1

∫
Ri

∫ T

0

[1−m(x)]|ui(t, x)|2w(t) dt dx−∫
Ri

m(x) log pRi
(I0(x)) dx+ Reg(∂Ri), (4.13)

where ui is the scale space of the difference of I0 and the back-warping of I1 in the

un-occluded region Ri\Oi:

u0,i =


I1(wi(x))− I0(x) x ∈ Ri\Oi

0 x ∈ Oi

, (4.14)

and m : Ω→ [0, 1] is the motion ambiguity function. Note that the energy in the case
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m = 0 is equivalent to integrating over all scales the difference of the scale spaces of

I0 and of Î1 (defined as I1 ◦wi inside Ri\Oi and I0 in Oi). Note that Î1 is used rather

than I1 ◦ wi as the latter does not correspond to I0 in the occlusion. This energy

requires that the regions are chosen so that all scales of the images between 0 and

T match. The motion ambiguity function m indicates whether the motion at a pixel

is reliable for segmentation (1 in a textureless or occluded region and 0 otherwise).

In case the motion is ambiguous, local color histograms pRi
within regions are used

for grouping. As is typical in optical flow [79], we set the occlusion to be a threshold

of the residual: Oi = {x ∈ Ri : |I1(wi(x))− I0(x)|2 > β}.

The optimization involves iterative alternating updates of the warps and the re-

gions. To update warps, we use the method of warp estimation in [114]. To update

the regions, we use the results of the previous section and use the exponential weight

with negative exponent, for computational efficiency. This yields the gradient of the

ith data terms in (4.13) approximately as

[
(1−m)(

α

4
U2 − u0U −

1

2
|∇U |2)−m log pRi

(I0)

]
Ni, (4.15)

where U is the solution of (4.11) using T = 2α and right hand side u0,i. The gradient

descent of Emseg is then given by Algorithm 1, choosing Gi to be the component of

(4.15) multiplying Ni. We apply our method frame-by-frame. Then we propagate

the result to the next frame via the computed warp to warm-start the segmentation

in the next frame.
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Chapter 5

Learned Shape-Tailored Descriptors for Segmentation

In this section, we describe our approach to learning descriptors that are descriptive

of neighborhoods around a pixel within a specific region of interest, while having

invariance to complex photometric and geometric nuisances1. We first review Shape-

Tailored Descriptors [26], which are descriptors invariant to minor photometric and

geometric nuisances, and are computed only from image information within a region

of interest. We then describe how to use these “base” descriptors to learn such shape-

tailored descriptors that are invariant to more complex nuisances, such as illumination

change, shading, etc.

5.0.1 Base Shape-Tailored Descriptors

Let Ω be the domain of the image, Jj : Ω ⊂ R2 → R+ for j = 1, . . . , Nc (Nc is

the number of channels) be channels of the image, these could be for instance, color

and oriented gradients. Let R ⊂ Ω be a region of interest, which can have arbitrary

shape. Shape-Tailored Descriptors are defined as the solution of Poisson-type partial

differential equations (PDE):


uij(x)− αi∆uij(x) = Jj(x) x ∈ R

∇uij(x) ·N = 0 x ∈ ∂R
, (5.1)

1Work presented in this chapter is based on [108]
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where ∇ is the gradient, ∆ is the Laplacian, ∂R is the boundary of R, N is the

unit outward normal to ∂R, i = 1, . . . , Ns and Ns is the number of scales, and

αi ∈ R+ are the scales. The solution of the PDE can be shown to be the minimizer

of the energy E =
∫
R

(Jj(x)− uij(x))2 dx+αi
∫
R
|∇uij(x)|2 dx. The solution is thus a

balance between fidelity to the image and smoothness, with αi larger implying more

smoothness. We set u : R → RNsNc as the vector of all components of scales and

channels:

u(x) = (u11(x), . . . , u1Nc(x), . . . , uNs1(x), . . . , uNsNc(x))T .

The uij are smoothed channels of the image and since the PDE is defined in a

specific region R, no image information outside R is used to determine uij. This

is important in region-based approaches to segmentation, as aggregating image in-

formation across segmentation boundaries mixes unrelated statistics and then such

descriptors are difficult to group. Due to the smoothing, the descriptors exhibit invari-

ance to small geometric transformations. However, they are not in general invariant

to more complex geometric transformations or complex photometric transformations,

such as illumination change. Therefore, in the next section, we use the descriptors

above and learn more invariant descriptors. Since these learned descriptors are built

from the descriptors above, they inherit the shape-tailored property.

5.0.2 Metric and Descriptor Learning

In this section, we learn a function, f : Rn → Rm where n = Ns × Nc and m > 0,

from the space of base Shape-Tailored Descriptors to another vector space, with better

invariance properties. In other words, f takes in u(x) ∈ Rn at a particular pixel and

returns a descriptor with m components. We choose f to be the output of a fully-

connected neural network. Since we will eventually use the descriptor to discriminate

between descriptors of different regions, we learn f by learning a Siamese neural

network [27] designed to discriminate descriptors of different segmentation regions.
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Figure 5.1: Siamese Network for Metric Learning.

Thus, the overall system is a symmetric function, D : Rn×Rn → [0, 1], with a value of

1 indicating the descriptors are from different segmentation regions, and 0 indicating

the descriptors are from the same region. The architecture is shown in Figure 5.1.

The network takes in two different base descriptors u(x) and v(x), each are input to

f and the output are two descriptors with m-components, then a weighted L2 norm of

the difference of the descriptors are computed, followed by a sigmoid function. Note

that for descriptors at pixels x and y, the metric from the Siamese network is defined

as

D(u(x),v(y))2 := ‖f(u(x))− f(v(y))‖2
w =

m∑
i=1

wi|f(u(x))i − f(v(y))i|2, wi ≥ 0

(5.2)

where wi, i = 1, . . . ,m are weights, and f(u(x))i is the ith component of f(u(x)).
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5.0.3 Training Data

The training data to train the network is generated from ground truth segmentations

of images in the training set of images. Given a training image, we compute base

Shape-Tailored Descriptors from the ground truth segmentation. For any pair of

pixels x and y in adjacent ground truth regions or the same region in the same image,

we form the training data as

D(ul(x),uk(y)) =


0 x, y ∈ Rl, l = k

1 x ∈ Rl, y ∈ Rk, l 6= k

,

where u(x) is the base Shape-Tailored Descriptor computed within Rl at x and v(x)

is the base shape-tailored descriptor computed within Rk at y. Note we only choose

adjacent regions since during segmentation, only discriminating between adjacent

regions will be needed.

During segmentation at test time, we will solve a joint problem for the base

descriptors u and the regions of the segmentation. The method iteratively updates

the regions and the base descriptors. Thus, the metric D also needs to discriminate

shape-tailored descriptors, when the descriptors are not computed on the ground truth

segmentation. To this end, we perturb the ground truth segmentations by dilations

and erosions to form regions R̃l, and compute base shape-tailored descriptors ũ within

the perturbed regions. This simulates possible base-descriptors anticipated during

test time. We augment the training data with these descriptors as follows:

D(ũl(x), ũk(y)) =


0 x, y ∈ Rl, l = k

1 x ∈ Rl, y ∈ Rk, l 6= k

,

where x and y are in the same or adjacent ground truth regions Rl and Rk. Note that

the descriptors are computed in the perturbed regions, whereas the distance above is
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defined according to the ground-truth regions where pixels belong.

5.1 Segmentation

In this section, we describe our method for segmentation by using the invariant de-

scriptors and the metric learned in the previous section.

5.1.1 Optimization Problem

We assume that the image consists of Nr regions with a constant in location learned

shape-tailored descriptor in each region. We design an optimization problem for

segmentation to be optimal when the regions are placed so that the learned shape-

tailored descriptors are nearly constant within the regions. Let ui(x) ∈ Rn denote

the base shape-tailored descriptor within region Ri, and let ai ∈ Rm be the constant

learned shape-tailored descriptor representing the region, which is unknown. The

energy for segmentation is as follows:

E({Ri}Nr
i=1) =

Nr∑
i=1

∫
Ri

‖f(ui(x))− ai‖2
w dx+ β

∫
∂Ri

ds, (5.3)

where there are Nr regions, β > 0, and the second term above is to induce spatial

regularity of the segmentation and consists of penalizing boundary length ( ds is the

arc-length element). The first term measures how similar the learned shape-tailored

descriptor at each pixel within a region is to a constant vector ai. Thus, the optimal

regions will be such that the regions have nearly constant learned descriptors within

regions. This energy can be seen as a generalization of the energies considered by

[51, 49].
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5.1.2 Optimization Algorithm

If we minimize in ai, we see that the optimizer is ai = 1/|Ri| ·
∫
Ri
f(ui(x)) dx where

|Ri| denotes the area of Ri, i.e., the average value of the learned descriptor within

the region. Since the energy above is non-convex in the regions, as the descriptor ui

depends on Ri non-linearly and f non-convex, we use a gradient descent to optimize

the energy. The gradient with respect to the boundary of Ri of the ith term, using

techniques from [26], is

(‖f(ui)− ai‖2
w + κi)Ni + (tr[(Dui)TDûi] + (ui − J)TA−1ûi)Ni (5.4)

where κi is the signed curvature of ∂Ri, Ni is the inward normal to ∂Ri, tr is the

trace, D is the derivative, A is a diagonal matrix of size n with diagonal entries

(α1, . . . , α1, . . . , αNs , . . . , αNs), J = (J1, . . . , JNc , . . . , J1, . . . , JNc)
T is a vector of size

n, and ûi satisfies the PDE


ûi(x)− A∆ûi(x) = 2∇f(ui(x))[f(ui(x))− ai] x ∈ Ri

∇ûi(x) ·Ni = 0 x ∈ ∂Ri

.

Note that the first term in (5.4) arises from the variation of the integrals as the

boundary is deformed, and the second term arises from the variation of the descriptor

as the boundary is changed. The gradient ∇f , which involves the neural network, can

be approximated numerically. However, for simplicity of implementation, we neglect

the variation of the descriptor since the numerical algorithm will involve only small

changes of the boundary at each iteration and the descriptors ui do not change much,

and so the term is negligible.

To implement the gradient descent numerically, we represent the regions with

relaxed indicator or “level-set” functions φi : Ω → [0, 1], i = 1, . . . , Nr. Rj is the

region where φj achieves the maximum over all i = 1, . . . , Nr. We can then convert
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the boundary evolution into an evolution of φi analogous to level set methods [76].

In order to extend the evolution beyond just the boundary, we extend the terms in

the gradient to a band around the boundary. Computing the full gradient of the

energy and neglecting variation of the descriptor terms, our algorithm to minimize

the energy is given in Algorithm 2.

Algorithm 2 Gradient Descent of Learned Shape-Tailored Energy

1: Input: An initialization of φi
2: repeat
3: Set regions: Ri = {x ∈ Ω : i = argmaxjφj(x)}
4: Compute dilations, D(Ri), of Ri

5: Compute ui in D(Ri), compute ai = 1/|Ri| ·
∫
Ri

ui(x) dx.
6: Compute band pixels Bi = D(Ri) ∩D(Ω\Ri)
7: Compute Gi = ‖f(ui(x)) − ai‖2

w for x ∈ Bi. f is evaluated from the neural
network.

8: Update pixels x ∈ D(Ri) ∩D(Rj) as follows:

φτ+∆τ
i (x) = φτi (x)−∆τ(Gi(x)−Gj(x))|∇φτi (x)|+ ∆τ · βκi|∇φτi (x)|.

9: Update all other pixels as

φτ+∆τ
i (x) = φτi (x) + ∆τ · βκi|∇φτi (x)|.

10: Clip between 0 and 1: φi = max{0,min{1, φi}}.
11: until regions have converged
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Chapter 6

Unsupervised Learning

Next, we tackle the problem of training in an unsupervised fashion. The idea is to

have an annotation independent learning. We want to learn key properties of images

on the run without the need for information about the ground truth in the target

images unlike supervised learning framework shown in Figure 6.1. Our energy 6.1

depends on region and weights of the Neural Network, both of which are learned.

This makes the algorithm independent of any training data. The idea is be to learn

”weights” of the neural network and segmentation which will minimize an ”energy”

on the image. The energy is defined in a way which matches our understanding of

the natural texture images.

The energy for unsupervised learning is defined below 6.1. We want to minimize

this energy for learning without supervision. The key idea is to construct a CNN

like NN where receptive fields of the filters are tailored to region of interest. This is

accomplished by projecting the filters onto the space of shape-tailored scale space and

its gradients, this mimics the approximation of functions with Hermite basis. The

detailed structure of the a single layer of the network can be seen in figure 6.2.

E(I, R,W ) =
∑
i

∫
Ri

|FW [I](x)− a(x)|dx (6.1)

where FW [I] is the output of the Neural Network. Let r denote a rectified linear

unit, LW are linear transformation defined as LW (x) = W1x + W0 and T is defined

as a smoothing layer of the form given below in equation (6.2).
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Figure 6.1: A schematic of the supervised learning scheme using Siamese twin net-
work. Shape-tailored descriptors are extracted from the image and fed to a Siamese
twin network. The network learns invariant features which are then used in applica-
tions likes segmentation.

T [I](x) =

∫
R

K(x, y)dy (6.2)

Notice that in our example we use T [I] as solution of Poisson equation (see (6.3)),

and K(., .) in equation 6.2 is the Green’s function of the Poisson equation (6.3).


T [I](x)− α∆T [I](x) = I(x) x ∈ R

∇T [I](x) ·N = 0 x ∈ ∂R
, (6.3)

One layer of the NN is represented as f = r ◦ Lw ◦ T . And F = f0 ◦ f1 ◦ f2 ◦ ....fm

and f0, ....fm represent layers 0 to layers m of the network. We would like to jointly

optimize E w.r.t W0,W1,W2....Wm which are the weights of the linear transformation

layers of the NN. Below we give the variations of different quantities of the network.

First, we calculate the variation of the smoothing layer of the Neural Network.

The variation of the smoothing layer w.r.t a perturbation turns out to be a smoothing
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of the perturbation.

δT (I).δI = T [δI] (6.4)

Next, we calculate the variation of a complete layer of the neural network.

δf(I).δI = (r ◦ LW )′(T (I))δT (I).δI = (r ◦ LW )′(T (I))T [δI] (6.5)

Finally, we calculate the variation of the complete Neural Network.

δF (I).δI = δ[f0 ◦ f1 ◦ ....fm].δI = δf0(fm−1(I)) ◦ δf1(fm−2(I))... ◦ δfm(I).δI (6.6)

The variation of the Energy of unsupervised learning is given below.

δE(I).δI = 2 < (F [I]− a), δF (I).δI >L2 (6.7)

Next, we compute the derivative w.r.t. the weights Wi will denote the weights for

the ith layer. We note that ∂Wf(I) = r′(LW ◦ T (I))∂WLW ◦ T (I). Also,

∂Wi
F [I] = (δf)m−i(f i+1(I))∂Wf(f i−1(I)) (6.8)

Finally, We calculate the gradient of the unsupervised segmentation energy w.r.t. the

weights of liner transformation layers 6.3.

∂Wi
E(I) =

∑
i

∫
Ri

2(F [I](x)− a(x))(δf)m−i(f i+1(I))∂Wi
f(f i−1(I))dx (6.9)

A key point to notice here is that the formulation of E(R,W ) is for general

unsupervised segmentation but this energy is also valid for supervised segmentation

if R is known before hand. With this formulation we can extend the supervised

segmentation of previous chapter to multiple layers where each layer has it’s own
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Figure 6.2: A schematic of the unsupervised learning scheme where we don’t need any
training data. The descriptors are learned on the fly during the segmentation. We
can learn descriptors for any size dataset or even an individual image. The network
mimics CNN, which are ubiquitous in vision application, with the exception that the
receptive fields of the descriptors are tailored to the region of interest only. This
is achieved by calculating filters as projections on shape-tailored scale space and its
gradients. This is somewhat similar to approximating of a function with Hermite
basis.

smoothing component.

6.1 Energy Functions for Unsupervised Training

The tools we have provided are of general nature and can be used with different

energy functions. We have used a variety of energy functions each with it’s unique

advantages and disadvantages. In this section we provide the summary of different

energy functions tried in this work.

6.1.1 Energy based on Invariance Term

The first energy term we tried is based on invariance of descriptors in textured region.

Invariance is a key property of any texture descriptor, i.e. a good texture descriptors

should be invariant to the intrinsic and extrinsic variation of texton in a texture

region. The energy is provided in equation (6.10)

E(R,W ) =
∑
i

∫
Ri

|(FW (u(x))− a(x))|2dx (6.10)
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Figure 6.3: A schematic of the forward pass and the pass for gradient calculation of
the network. Notice that due to the smoothing layer gradient of the network is not
calculated with backward pass rather it is calculated with a modified forward pass.

Where FW (u) is the learned invariant descriptor and a(x) is the texture model. If

a(x) the texture model is jointly calculated with the FW (u(x)) the invariant descrip-

tor, the solution obtained has zero energy, where descriptor is zero everywhere. In

this case we lose the discriminability, which is required to differentiate between de-

scriptors from different textures. To tackle this issue we fix the texture descriptors as

foreground and background mask respectively. As a result the learned descriptor can

discriminate between foreground and background. A drawback with this approach

is that the learned descriptor can not be generalized to any general texture. Since

the texture model used is based on foreground/ background respectively rather than

texture description for general textures. Such approach will be helpful in applica-

tions like saliency detection, where we are more interested in discriminating ”salient”

features of an image rather than describing these ”salient” features.

6.1.2 Energy based on Invariance and Discrimination Terms

The second approach we try is to use discrimination term along with invariance term

in our energy. This eliminate the problem faced with only the invariance term where
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the learned descriptor goes to zero and we lose the discrimination between descriptor

for different textons. The energy function is provided in (6.11)

E(R,W ) =
∑
i

∫
Ri

[|(F (u(x))− a(x))|2dx− |(F (u(x))− ao(x))|2dx] (6.11)

A careful study of the energy shows that first term is similar to the energy of the

previous section. However the addition of the second term where we are maximization

the difference of the descriptor on a region from the texture description of the compli-

mentary region prevents the case of zero learned descriptors. Furthermore, now the

texture model can be jointly calculated with the descriptors. One issue faced with

this energy is that it is not bounded from below hence we might get texture models

which are very large in value. In order to prevent this case we can fix the non-linearity

of the last layer of the network as a sigmoid function. Now, the energy function is

bounded from above and below and the texture models ai ∈ [0, 1]. Now, this energy

function can provide good learned descriptors which are invariant to intrinsic and

extrinsic nuisance of textons and discriminative of different textures.

6.1.3 Energy based on Discrimination of Texture Model

The final energy function we have tried with our approach is based on maximizing

the discrimination of texture model of different region.

E(R,W ) = −
∑
i

∑
j 6=i

|(ai − aj)|2 (6.12)

where ai is defined as

ai =
1

|Ri|

∫
Ri

F (u(x))dx (6.13)
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This energy gives the most promising results of all cases. In order to prevent the

case where both ai and aj are either decreasing or increasing, which will result in very

large values of the texture model while there difference would be small, we use the

modified gradient flow presented in [109]. In this gradient scheme instead of going

in the gradient direction we go in the component of the gradient direction where

the quantities evolve in the direction we want them to evolve. This makes sure that

the difference between the ai and aj is always increasing. A comparison of different

energy function in unsupervised segmentation is given in Figure 6.1.3
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Figure 6.4: Figure shows the comparison of different energies. The learned
weights are applied to the base descriptors calculated on ground truth. The better
the energy the more invariance of descriptor on region of interest and discrimination
between foreground and background will be seen. [Top Row] Image and ground truth,
[Row Two] base shape-tailored descriptors, [Row Three] results of energy based on
invariance, [Row Four] results of energy based on invariance and discrimination, [Row
Five] results of energy based on discrimination of texture models.
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Chapter 7

Experiments

In this section, we test our methods on image and motion segmentation problem on

different challenging datasets.

7.1 Shape-Tailored Local Descriptors Experiments

The first set of experiments tests the ability of Shape-Tailored Descriptors to dis-

criminate a variety of real-world textures. To this end, we compare Shape-Tailored

Descriptors to a variety of descriptors for segmenting textured images based on the

piecewise constant model. We compare on both a standard synthetic dataset and

then on a dataset of real world images. The second set of experiments shows sample

application of Shape-Tailored Descriptors to the problem of disocclusions in object

tracking where objects consist of multiple textured regions. We thus use the piecewise

smooth model. This shows that a state-of-the-art method in object tracking can be

improved using Shape-Tailored Descriptors.

7.1.1 Performance of STLD in Segmentation

We test the performance of our new STLD by testing its ability to discriminate

textures on two datasets, and then compare to other descriptors. Code and datasets

will be available 1.

Datasets: The first dataset is a synthetic data set. It consists of images con-

structed from the textured images in the Brodatz dataset. Each is composed of two

1https://sites.google.com/site/shapetailoreddescriptors/

https://sites.google.com/site/shapetailoreddescriptors/
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different textures. One texture is used as background and the other texture is masked

with a shape from the MPEG 7 shape dataset and used as the foreground. The

dataset consists of 50 images (5 different masks times 10 different foreground/back-

ground pairs). The second dataset consists of images obtained from Flickr that have

two dominant textures. A variety of real textures (man-made and natural) have been

chosen with common nuisances (e.g., small deformations of the domain, some illumi-

nation variation). The size of the dataset is 256 images with 20 training images. We

have hand segmented these images to facilitate quantitative comparison.

Methods Compared: We compare STLD to various other recent descriptors

that are used for texture segmentation. Descriptors include simple global means used

in Chan-Vese [49], global histograms (Global Hist [32]), local means (LAC [52]), more

advanced descriptors based on local histograms in predefined neighborhood sizes (Hist

[38]), SIFT descriptors (SIFT ), the entropy profile (Entropy [44]), and non-STLD.

For methods that can be formulated with convex relaxations, we use the segmentation

based on global convex methods [56], which are more robust than gradient descent.

This does not include our method, which uses gradient descent. We also compare to

the hierarchical segmentation approach (gPb [43]). Note that gPb is not a descriptor,

but uses several descriptors (e.g., Gabor filtering, and local histograms) to build a

segmentation after edge detection. It is also for more general image segmentation,

which is not the goal of our work, but we compare to it since it uses several descriptors.

We also compare to [36] (CB), a recent texture segmentation method build on gPb,

but using different edge detection.

Parameters: For all the methods, the training images were used to obtain the

best regularity parameter γ, and that same parameter was used for the rest of the

images. For STLD, the scales α = (5 + (10, 20, 30, 40, 50))× (s/256)2 where s is the

size of the image, and θ = 0, π/8, . . . , 7π/8 are kept fixed on the whole datasets. All

methods that require initialization are initialized with a box tessellation pattern that
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image ground truth Chan-Vese [49] Hist [38] Entropy [44] gPb [43] non STLD STLD (ours)

Figure 7.1: Sample Results on the Synthetic (Brodatz) Texture Dataset.

is standard in these types of methods.

Discussion of Qualitative Results: Figure 7.1 shows sample visualizations of

results on the Brodatz dataset. Figure 7.2 to Figure 7.8 shows sample results on our

Real Texture dataset. Results are shown only for the top performing methods tested,

and ground truth is displayed. STLD consistently performs well, clearly performing

better than or at least as good as other methods. One can see that the boundaries

are more accurate for STLD than non-STLD, and in many cases, the smoothing of

data across textured regions also leads to more severe errors beyond overshooting the

boundaries. The other region-based methods many times cannot capture the intrinsic

texture differences on the datasets. The edge-based segmentation approach of gPb

and CB works well detecting brightness edges, but in many cases does not detect

texture boundaries. This may because sometimes texture boundaries are faint edges,

and many times gPb and CB detect edges inside textons.

Discussion of Quantitative Results: Table 7.1 shows quantitative evaluation.

We evaluate the algorithms using the evaluation protocol developed in [43]. The

algorithms are evaluated both in terms of boundary and region accuracy by comparing

to ground truth. For all metrics (except variation of information), a higher value
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image ground truth Hist [38] Entropy [44] CB [36] gPb [43] non STLD STLD (ours)

Figure 7.2: Sample Results on the Real Texture Dataset. Segmentation
boundaries are displayed for various methods.
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image ground truth Hist [38] Entropy [44] CB [36] gPb [43] non STLD STLD (ours)

Figure 7.3: Sample Results on the Real Texture Dataset. Segmentation
boundaries are displayed for various methods.
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image ground truth Hist [38] Entropy [44] CB [36] gPb [43] non STLD STLD (ours)

Figure 7.4: Sample Results on the Real Texture Dataset. Segmentation
boundaries are displayed for various methods.
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image ground truth Hist [38] Entropy [44] CB [36] gPb [43] non STLD STLD (ours)

Figure 7.5: Sample Results on the Real Texture Dataset. Segmentation
boundaries are displayed for various methods.
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image ground truth Hist [38] Entropy [44] CB [36] gPb [43] non STLD STLD (ours)

Figure 7.6: Sample Results on the Real Texture Dataset. Segmentation
boundaries are displayed for various methods.



75

image ground truth Hist [38] Entropy [44] CB [36] gPb [43] non STLD STLD (ours)

Figure 7.7: Sample Results on the Real Texture Dataset. Segmentation
boundaries are displayed for various methods.
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image ground truth Hist [38] Entropy [44] CB [36] gPb [43] non STLD STLD (ours)

Figure 7.8: Sample Results on the Real Texture Dataset. Segmentation
boundaries are displayed for various methods.
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Brodatz Synthetic Dataset

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

STLD 0.30 0.30 0.81 0.81 0.81 0.81 0.88 0.88
non STLD 0.28 0.28 0.78 0.78 0.77 0.77 0.98 0.98
gPb [43] 0.20 0.20 0.56 0.56 0.57 0.57 1.17 1.17
SIFT 0.10 0.11 0.66 0.66 0.66 0.66 1.20 1.20
Entropy [44] 0.09 0.09 0.61 0.61 0.61 0.61 1.17 1.17
Hist-5 [38] 0.12 0.12 0.56 0.56 0.63 0.63 1.09 1.09
Hist-10 [38] 0.11 0.11 0.60 0.60 0.64 0.64 1.01 1.01
Chan-Vese [49] 0.09 0.09 0.61 0.61 0.61 0.61 1.17 1.17
LAC [52] 0.07 0.07 0.66 0.66 0.68 0.68 1.16 1.16
Global Hist [32] 0.10 0.10 0.38 0.38 0.52 0.52 2.41 2.41

Real Texture Dataset

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

STLD 0.58 0.58 0.87 0.87 0.87 0.87 0.59 0.59
non-STLD 0.17 0.17 0.81 0.81 0.82 0.82 0.77 0.77
gPb [43] 0.50 0.54 0.74 0.84 0.78 0.86 0.80 0.65
CB [36] 0.48 0.52 0.64 0.70 0.66 0.75 0.89 0.78
SIFT 0.10 0.10 0.55 0.55 0.59 0.59 1.44 1.44
Entropy [44] 0.08 0.08 0.74 0.74 0.75 0.75 0.95 0.95
Hist-5 [38] 0.14 0.14 0.66 0.66 0.70 0.70 1.18 1.18
Hist-10 [38] 0.13 0.13 0.66 0.66 0.70 0.70 1.19 1.19
Chan-Vese [49] 0.14 0.14 0.71 0.71 0.73 0.73 1.04 1.04
LAC [52] 0.09 0.09 0.55 0.55 0.58 0.58 1.41 1.41
Global Hist [32] 0.12 0.12 0.65 0.65 0.67 0.67 1.12 1.12

Table 7.1: Summary of Results on Texture Segmentation Datasets. Algo-
rithms are evaluated using contour and region metrics (see text for details). Higher
F-measure for the contour metric, ground truth covering (GT-cov), and rand index
indicate better fit to the ground truth, and lower variation of information (Var. Info)
indicates a better fit to ground truth. Bold red indicate best results and bold black
indicates second-best results.

indicates better fit to ground truth. ODS and OIS are the best values of results of

the algorithm tuned with respect to a threshold on the entire dataset (ODS) and

each image individually (OIS), and the difference applies only to gPb. Our method

out-performs all methods on all metrics.

7.1.2 Application of STLD to Disocclusions

We now show application of STLD to the problem of disocclusion detection in object

tracking. One can track objects in a video by propagating an initial segmentation

across frames, but two difficulties are self-occlusions and disocclusions of the object.

Recently, [110] addressed the problem of self-occlusions and removed them from the
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Cheetah CowFish Turtle WG Fish
Occlusion Tracker [110] 0.222 0.658 0.493 0.705

STLD 0.937 0.929 0.958 0.909

Table 7.2: Quantitative Evaluation of Object Tracking Results. Ground-Truth
covering is used to evaluate results (higher means better fit to ground truth).

segmentation propagation. This propagation and self-occlusion removal step does not

obtain the full object segmentation since there may be parts of the object that become

disoccluded. [110] detects disocclusions by comparing pixel intensities outside the

propagated segmentation to local color histograms of the propagated segmentation.

Pixels that match the local distributions are classified as disocclusion and included

as part of the object segmentation. Our descriptors are more descriptive than local

color histograms and are thus able to deal with more challenging object appearances,

especially textured objects. Thus, we now use STLD to perform the disocclusion

detection by segmentation of STLD based on the piecewise smooth Mumford-Shah.

This is initialized with the propagation of the segmentation from the previous frame

based on [110]. This detects as disocclusions those pixels that have similar STLDs

locally to the segmentation propagation. Note that a piecewise constant STLD model

of two regions is not adequate since the object and background consist of multiple

textures.

Results on four challenging videos are shown in Figure 7.9 and compared against

[110]. Table 7.2 gives quantitative analysis. The videos contain objects with multiple

textures, and the backgrounds also consist of multiple textures. In all sequences,

β = 10, the scales αi are chosen the same as in the previous section. Shape-Tailored

Descriptors capture the textured object of interest accurately. [110] fails to capture

disoccluded regions that are textured. These errors, slight at first as only small parts

are disoccluded between frames, are then propagated forward and the method fails

to segment the object accurately. Only 4 out of 50 frames are shown.
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Figure 7.9: Results on Textured Object Tracking. [Top]: Results of a state-of-
the-art method [110] (red). The method fails early since the disocclusion detection is
based on local color histogram descriptors, which fail to capture textures. [Bottom]:
Results of [110] by replacing local color histograms in disocclusion detection with
STLD based on piecewise smooth Mumford-Shah. (See video on website).
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7.2 Continuum Scale Space Experiments

7.2.1 Texture Segmentation

Datasets and Methods Compared: We first test our method on texture segmen-

tation, a task where multiscale information is important. We test on two datasets

used in [26]. The Brodatz Synthetic Dataset has 198 images generated from textures

in Brodatz and random shapes from MPEG dataset. The second is the Real-World

Texture Dataset, which consists of 256 textured images obtained from photographs

of real-world scenes. We use RGB color channels and binned oriented gradients at

four angles, as the features for segmentation. Since the contribution in this paper is

the use of shape-tailored scale spaces at a continuum of scales, we compare to [26]

(STLD), which uses scale space but only considers a discrete number of scales. For

reference, we include other segmentation methods. We use the abbreviations ExpPos,

Uniform, and ExpNeg for the positive exponent exponential, uniform, and negative

exponent exponential weights in our method. The methods are all initialized with a

standard box tessellation.

Results on Brodatz: First, we compare on Brodatz with different weighting

schemes introduced in Section 4.1.2 for continuum scale spaces against STLD. To

compare weightings and not the quality of various approximations, we use (4.9) to

compute the gradient. Images are 128×128 and we choose α = T = 10 (corresponding

to the max scale used in STLD) for all weightings. Results are displayed in Table 7.3.

All weightings give similar results, and all are significantly more accurate than STLD.

This indicates that using continuum scale space leads to increased performance.

Results on Real-World Texture Images: Since all results for different weight-

ings are similar, we now use ExpNeg for comparison on the Real-World Texture

Dataset because of its speed. Results, in Table 7.3, for α = 20, show that the ac-

curacy of the continuum scale space is greater than discrete scales (STLD). Sample
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Brodatz Synthetic Dataset

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

ExpPos (ours) 0.41 0.41 0.80 0.80 0.79 0.79 0.68 0.68
ExpNeg (ours) 0.39 0.39 0.78 0.78 0.77 0.77 0.68 0.68
Uniform (ours) 0.40 0.40 0.79 0.79 0.78 0.78 0.68 0.68
STLD 0.33 0.33 0.71 0.71 0.70 0.70 0.74 0.74

Real-World Texture Dataset

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

ExpNeg (ours) 0.60 0.60 0.91 0.91 0.91 0.91 0.45 0.45
STLD 0.58 0.58 0.87 0.87 0.87 0.87 0.59 0.59
non-STLD 0.17 0.17 0.81 0.81 0.82 0.82 0.77 0.77
mcg [23] 0.51 0.54 0.74 0.82 0.77 0.85 0.80 0.66
gPb [43] 0.50 0.54 0.74 c0.84 0.78 0.86 0.80 0.65
CB [36] 0.48 0.52 0.64 0.70 0.66 0.75 0.89 0.78
SIFT 0.10 0.10 0.55 0.55 0.59 0.59 1.44 1.44
Entropy [44] 0.08 0.08 0.74 0.74 0.75 0.75 0.95 0.95
Hist-5 [38] 0.14 0.14 0.66 0.66 0.70 0.70 1.18 1.18
Hist-10 [38] 0.13 0.13 0.66 0.66 0.70 0.70 1.19 1.19
Chan-Vese [49] 0.14 0.14 0.71 0.71 0.73 0.73 1.04 1.04
LAC [52] 0.09 0.09 0.55 0.55 0.58 0.58 1.41 1.41
Global Hist [32] 0.12 0.12 0.65 0.65 0.67 0.67 1.12 1.12

Table 7.3: Results on Texture Segmentation Datasets. Algorithms are eval-
uated using contour and region metrics. Higher F-measure for the contour metric,
ground truth covering (GT-cov), and rand index indicate better fit to the ground
truth, and lower variation of information (Var. Info) indicates a better fit to ground
truth.

representative visual results are shown in Figure 7.10.

Next, we test our approach with different choices of α using the ExpNeg weighting.

We also compare against STLD in terms of speed and accuracy. Results are shown

in Table 7.4. Results of STLD show that more than one scale is necessary, and

faster speed by using fewer scales leads to worse segmentation. Second, results of

ExpNeg show that the results are stable across different parameter choices for α.

Finally, a speed comparison is performed between ExpNeg and STLD. Note that each

scale that is used in STLD requires the solution of a PDE, whereas our approach of

ExpNeg requires only a single PDE. This makes our continuum scale space approach

computationally less expensive, as confirmed in Table 7.4. Our approach also requires

only a single parameter in contrast to STLD that requires choosing a list of scales.
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images

ground truth

STLD (discrete scales)

ExpNeg (continuum scales, ours)

images

ground truth

STLD (discrete scales)

ExpNeg (continuum scales, ours)

Figure 7.10: Sample representative results on Real-World Texture Dataset.
We compare the best two methods (ours ctf) and STLD (using discrete scale spaces).
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STLD Scale Comparison

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

STLD scales ODS OIS ODS OIS ODS OIS ODS OIS

4 0.56 0.56 0.85 0.85 0.85 0.85 0.63 0.63
20 0.55 0.55 0.84 0.84 0.84 0.84 0.64 0.64
4,8,12,16,20 0.58 0.58 0.87 0.87 0.87 0.87 0.59 0.59

ExpNeg Parameter α Comparison

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

α = 20 0.60 0.60 0.91 0.91 0.91 0.91 0.45 0.45
α = 30 0.60 0.60 0.90 0.90 0.90 0.90 0.46 0.46
α = 50 0.60 0.60 0.90 0.90 0.90 0.90 0.46 0.46

Speed Comparison

method average iterations average time
ExpNeg (α = 20) 12.9 ± 4.4 10.3 sec

STLD (scale 4,8,12,16,20) 16 ±4.1 83.7 sec

Table 7.4: Analysis of Scale Parameters and Speed. [Top]: Comparison of
different scale choices for discrete scale spaces (STLD). [Middle]: Results for different
α in continuum scale space with ExpNeg weight. [Bottom]: Speed comparison on a
single processor for ExpNeg continuum scale space and STLD.

7.2.2 Motion Segmentation

Datasets: We test our method on the Freiburg-Berkeley Motion Segmentation (FBMS-

59) [82] dataset. FBMS-59 consists of two sets - training, 29 sequences, and test, 30

sequences. Videos range between 19 and 800 frames, and have multiple objects.

Comparison: To demonstrate the advantage of our continuum space energy over

a corresponding single scale energy, we compare to [114]. Our approach replaces the

single scale motion term there with the energy (4.13). Further, additional regular-

Training set (29 sequences) Test set (30 sequences)
P R F N/65 P R F N/69

[111] 79.17 47.55 59.42 4 77.11 42.99 55.20 5
[82] 81.50 63.23 71.21 16 74.91 60.14 66.72 20
[112] 83.00 70.10 76.01 23 77.94 59.14 67.25 15
[113] 86.91 71.33 78.35 25 87.57 70.19 77.92 25
[114] 89.53 70.74 79.03 26 91.47 64.75 75.82 27
ExpNeg (ours) 93.04 72.68 81.61 29 95.94 65.54 77.87 28

Table 7.5: .
FBMS-59 results Average precision (P), recall (R), F-measure (F), and number of
objects detected (N) over all sequences in training and test datasets. Higher values

indicate superior performance. All methods are fully automatic.
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Figure 7.11: FBMS-59 Results. Sample visual results on representative sequences
for the FBMS-59 dataset (segmented objects in purple and red). The change of energy
to integrate over all scales (our approach) is generally less sensitive to clutter than
using an energy that contains only one scale (non-SS).
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ization used in [114] is not used, as the scale-space provides inherent regularization.

Since we test on benchmarks, we also compare to other state-of-the-art approaches,

although our main purpose is to show the improvements that occur by merely using

our continuum scale space energy.

Initialization: We initialize each with a segmentation of optical flow from [79]

between frame 1 and 20.

Parameters: Our method with ExpNeg weighting requires one parameter α in

(4.12). We choose it to be α = 20 by selecting it based on a few sequences from the

training set. Other parameters e.g., histogram sizes are chosen based on [114].

Results on FBMS-59: Figure 7.11 shows some representative visual results of

our method and the single scale approach. Table 7.5 shows quantitative results of the

two approaches, as well as other state-of-the-art methods. Visual results show our

approach generally avoids distracting clutter and thus prevents leakages in comparison

to the single scale approach. In many cases, it also captures more of the object.

Quantitative results show that we improve the F-measure of [114] by about 2% on

both training and test sets, and that we increase the number of objects detected. We

also have highest F-measure of all competing methods.

Computational cost: The additional processing cost required for our scale space

is small compared with the overall cost of [114]. Our approach adds about 5 secs per

frame (one core) to the total time on average of about 30 secs per frame by [114] on

a 12-core processor.

7.3 Learned Invariant Descriptors Experiments

Datasets: We use four different datasets to test our method. We use the Real

World Texture Dataset and Brodatz Synthetic Dataset introduced in [26]. The first

consists of 256 total real-world textured images collected from the internet with two

dominant textures. 128 images are used for training and 128 for testing. The Brodatz
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Synthetic Dataset consists of 200 images of two textured regions of various shapes.

We also use the Graz Segmentation dataset [115], which consists of 243 images of

real-world textured objects with multiple objects per image. Finally, we use the

Berkeley Segmentation Dataset, which consists of 200 training and test images, and

100 validation images, and various numbers of textured objects in each image. Each

of the datasets exhibit complex nuisances, such as illumination, shading, perspective

effects, etc.

Architecture Details: We use a Siamese twin network, where each component

has two fully connected layers. We test the sensitivity number of hidden layers and

hidden units later. Our input base shape-tailored descriptor is a 40 dimensional

descriptor (RGB channels, gray scale and four oriented gradients at 5 scales, α =

(10, 20, 30, 40, 50)). The output descriptor f of the Siamese network is same size as

the number of hidden units used. The sigmoid of the (learned) weighted difference of

the two twins is used to compute the metric D of a pair of descriptors.

Results on Real-World Texture Dataset: We use 128 images in the training

set to train our network and test on the 128 images in the test set. This gives us

9153732 training pairs of descriptors. We initialize our method by a 5 × 5 standard

block tessellation, with random labels (out of 1 or 2) chosen for each block. Quantita-

tive results are in Table 7.6. We compare to hand-crafted Shape-Tailored Descriptors

(STLD) [26], to non-STLD (the descriptors in (5.1) when R = Ω the whole image),

learned non-STLD (non-STLD base descriptors used to learn invariant descriptors

through the Siamese network), and other methods. non-STLD handcrafted performs

the worst, followed by learned non-STLD, then hand-crafted STLD performs better,

and the learned STLD (our approach) performs the best. This shows that both prop-

erties of shape-tailored and learned are necessary to achieve the best results. Figure

7.12 shows some visual comparisons of our approach to handcrafted STLD.

Robustness to Initialization, Training Data, and Architecture: First we
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test sensitivity to initialization. We vary the box tessellation from 3 × 3 to 5 ×

5. Results are in Table 7.7. They show that the method is robust to initialization.

Now we test the sensitivity to the architecture in our approach and the learned non-

STLD approach. To this end, we vary the architecture of our network by changing

the number of hidden units. Results are shown in Table 7.8. With two layers,

the performance is mostly stable as the number of hidden layers are changed. We

also show results with 3 and 4 layers with 41 hidden units. Performance degrades

somewhat, and we believe this to be an overfit. We now test sensitivity to the number

of training images, results are in Table 7.9. The results do not deteriorate much as

we vary the number of images.

Results on Synthetic Texture Dataset: We test our method on synthetic

Brodatz with the previous network. Table 7.10 shows results, and our method

performs the best by a wide margin.

Results on Graz and BSDS 500 Dataset: We now test our method against

hand-crafted STLD on Graz and BSD500. These experiments provide more verifi-

cation that the network is learning a generic property for segmentation over STLD.

We initialize methods with a Voronoi partition of the seed points provided in Graz.

For BSD500, we initialize the segmentation by randomly perturbing the ground truth

segmentation by 30 pixels. Table 7.11 shows the results. It shows that the learned

STLD better capture properties of textures than the hand-crafted STLD.
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Real-World Texture Dataset

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

Learned [108] 0.62 0.62 0.91 0.91 0.91 0.91 0.44 0.44
Learned(non-STLD) 0.53 0.53 0.89 0.89 0.89 0.89 0.47 0.47
STLD 0.58 0.58 0.86 0.86 0.88 0.88 0.63 0.63
non-STLD 0.20 0.20 0.83 0.83 0.84 0.84 0.79 0.79
mcg [23] 0.51 0.54 0.74 0.82 0.77 0.85 0.80 0.66
gPb [43] 0.53 0.57 0.81 0.84 0.82 0.85 0.82 0.78
CB [36] 0.54 0.56 0.75 0.80 0.79 0.84 0.81 0.76
SIFT 0.13 0.13 0.54 0.54 0.58 0.58 1.50 1.50
Entropy [44] 0.19 0.19 0.74 0.74 0.76 0.76 1.00 1.00
Hist-5 [38] 0.17 0.17 0.67 0.67 0.72 0.72 1.25 1.25
Hist-10 [38] 0.16 0.16 0.67 0.67 0.72 0.72 1.26 1.26
Chan-Vese [49] 0.19 0.19 0.73 0.73 0.76 0.76 1.07 1.07
LAC [52] 0.14 0.14 0.54 0.54 0.58 0.58 1.51 1.51
Global Hist [32] 0.14 0.14 0.66 0.66 0.68 0.68 1.16 1.16

Table 7.6: Results on Texture Segmentation Datasets. Algorithms are eval-
uated using contour and region metrics. Higher F-measure for the contour metric,
ground truth covering (GT-cov), and rand index indicate better fit to the ground
truth, and lower variation of information (Var. Info) indicates a better fit to ground
truth.

Initialization

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

5by5 0.62 0.62 0.91 0.91 0.91 0.91 0.44 0.44
4by4 0.61 0.61 0.91 0.91 0.91 0.91 0.44 0.44
3by3 0.61 0.61 0.91 0.91 0.91 0.91 0.44 0.44

Table 7.7: Insensitivity to Initialization. The results remain similar as we vary
the box tessellation initialization for segmentation.

Network Architecture

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

61 units 0.60 0.60 0.91 0.91 0.90 0.90 0.45 0.45
51 units 0.61 0.61 0.91 0.91 0.91 0.91 0.45 0.45
41 units 0.62 0.62 0.91 0.91 0.91 0.91 0.44 0.44
31 units 0.60 0.60 0.91 0.91 0.91 0.91 0.45 0.45
21 units 0.57 0.57 0.90 0.90 0.90 0.90 0.48 0.48
3 Layers 0.55 0.55 0.89 0.89 0.89 0.89 0.48 0.48
4 Layers 0.54 0.54 0.88 0.88 0.88 0.88 0.52 0.52
61 units 0.52 0.52 0.89 0.89 0.89 0.89 0.48 0.48
51 units 0.51 0.51 0.88 0.88 0.88 0.88 0.48 0.48
41 units 0.53 0.53 0.89 0.89 0.89 0.89 0.47 0.47
31 units 0.49 0.49 0.88 0.88 0.88 0.88 0.49 0.49
21 units 0.46 0.46 0.87 0.87 0.87 0.87 0.51 0.51
3 Layers 0.54 0.54 0.87 0.87 0.87 0.87 0.55 0.55
4 Layers 0.53 0.53 0.87 0.87 0.87 0.87 0.58 0.58

Table 7.8: Performance vs. Architecture. The top half of the table shows the
performance for learned STLD descriptor (ours) and the bottom part show the results
for learned non-STLD descriptor. We have varied the number of hidden units in the
two-layer network, and the number of layers from 3-4 with 41 units.
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Training Images

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

128 images 0.62 0.62 0.91 0.91 0.91 0.91 0.44 0.44
100 images 0.59 0.59 0.90 0.90 0.90 0.90 0.47 0.47
75 images 0.58 0.58 0.90 0.90 0.90 0.90 0.49 0.49
50 images 0.54 0.54 0.89 0.89 0.89 0.89 0.52 0.52

Table 7.9: Varying Number of Images and data in Training. We vary the
number of training images and report the results. We vary the number of dilation
of the ground truth and report the effect on performance, higher number of dilations
means more data per image.

Synthetic Dataset

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

Learned (ours) 0.45 0.45 0.90 0.90 0.89 0.89 0.46 0.46
STLD 0.41 0.41 0.87 0.87 0.86 0.86 0.53 0.53
non-STLD 0.18 0.18 0.84 0.84 0.84 0.84 0.65 0.65
gPb [43] 0.40 0.38 0.79 0.81 0.79 0.82 0.75 0.73
CB [36] 0.30 0.29 0.75 0.77 0.76 0.79 1.09 1.08
SIFT 0.11 0.11 0.70 0.70 0.70 0.70 1.07 1.07
Entropy [44] 0.13 0.13 0.75 0.75 0.75 0.75 0.91 0.91
Hist-5 [38] 0.32 0.32 0.67 0.67 0.68 0.68 1.10 1.10
Hist-10 [38] 0.32 0.32 0.65 0.65 0.67 0.67 1.15 1.15
Chan-Vese [49] 0.19 0.19 0.72 0.72 0.72 0.72 0.95 0.95
LAC [52] 0.14 0.14 0.72 0.72 0.70 0.70 1.14 1.14
Global Hist [32] 0.28 0.28 0.75 0.75 0.75 0.75 0.79 0.79

Table 7.10: Results on Synthetic Texture Segmentation Dataset. See Table 3
caption for details on the measures (higher is better except for Var. of Info.)

Graz Dataset

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

Learned STLD 0.42 0.42 0.76 0.76 0.82 0.82 1.02 1.02
STLD 0.34 0.34 0.70 0.70 0.77 0.77 1.21 1.21

BSD Dataset

Contour Region metrics
F-meas. GT-cov. Rand. Index Var. Info.

ODS OIS ODS OIS ODS OIS ODS OIS

Learned STLD 0.66 0.66 0.62 0.62 0.82 0.82 1.75 1.75
STLD 0.56 0.56 0.57 0.57 0.79 0.79 1.99 1.99

Table 7.11: Graz and BSDS 500 Dataset Results. See Table 3 caption for details
on the measures (higher is better except for Var. of Info.
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Learned Descriptors(ours)

images

ground truth

STLD (discrete scales)

Learned Descriptors(ours)

Figure 7.12: Sample representative results on Real-World Texture
Dataset.We compare the best two methods (ours) and STLD (using discrete scale
spaces).
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Chapter 8

Conclusion

This work presents the fundamentals concepts of constructing descriptors for vision

applications, particularly segmentation. We start with constructing descriptors on

region of interest, as most descriptors in vision are built on some receptive field

around a pixel. Traditional descriptors assume these receptive fields to be of fixed

shape and size on image domain. There is a fundamental flaw in this assumption as

aggregating of statistics should be tailored to region of interest only, and should not

aggregate information from background. To tackle this problem we have introduced

Shape-Tailored Local Descriptors, where we aggregated information only on a region

of interest.

Next, we provide tools for finding the correct segmentation based on shape-tailored

local descriptors. Notice, that with shape-tailored descriptors we have tools to ag-

gregate information from region of interest but the region of interest in segmentation

is not known a priori. To tackle this issue we provide tools for jointly calculating

the shape-tailored descriptor and region of interest. We start with an initialization

for segmentation, based on this initialization we construct shape-tailored descriptors.

Once shape-tailored descriptors are calculated the segmentation is updated based on

the descriptors. This update of descriptors and region is repeated until convergence

of region and descriptors.

Once the region of interest is known the next important question to tackle is that

of how the descriptors should be constructed? How can we aggregate information on

region of interest in a way that the descriptors capture useful information on the region
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of interest. We started with aggregating oriented gradients on these region of interest,

this performs well in most cases but is not completely invariant to complex nuisances

of textured regions. Ideally we would want the descriptors to be completely invariant

to intrinsic and extrinsic nuisances of textured regions, i.e. illumination changes,

scale changes etc. To tackle the problem more carefully we have employed Neural

Networks. We use Siamese twin network to learn invariant shape-tailored descriptors

and a difference metric which can discriminate between different textures, while being

invariant to nuisances of textured regions.

We have also tackled the problem of training of Neural Network with minimal or

no training data, as one of the key bottleneck in learning in computer vision is the

prohibitive size of data required. We have introduced unsupervised learning tech-

niques where we are learning dense descriptors without any training data. Significant

features in the data are learned on the go as we look for segmentation into unique

regions.

Lastly, there are some side issues we have also tackled in this work, particularly

coarse-to-fine segmentation which is of particular interest in multi-scale segmentation

algorithms. We show that a continuum Gaussian scale space has a natural coarse-to-

fine property in segmentation. We also provide an energy based on Gaussian scale

space that incorporates the coarse to fine segmentation without the explicit need for

calculating all scales. We only need to solve a Poisson equation at native scale to

calculate the gradient flow of the energy.

One of the key issues of segmentation not tackled in this thesis is that of hierarchy

of segmentation based on region descriptors. The number of regions in an image is

not known a priori, and a good segmentation algorithms must be capable of handling

different regions in different images. The most promising approach to tackle multiple

regions is that of constructing a hierarchy of segmentation, where different layers of

hierarchy represent segmentation at different scales. There has been good work in
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hierarchy based segmentation on edge-based methods, where the strength of the edge

corresponds to the level of hierarchy. The drawback of these edge-based approaches is

that a stronger edge does not always correspond to more salient region, particularly in

the case of texture segmentation. To the best my knowledge, there has not been any

promising attempt at constructing segmentation hierarchy based on region statistics/

descriptors. This is one of the open questions that needs to be addressed in the future.
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B Shape-Tailored Descriptors based Energy and it’s

Gradient

We detail the calculations that were left out in Section 2.2 of the manuscript. We

repeat some definitions for the convenience of the reader. Note the Lemma and

Proposition numbers correspond to the numbers in the manuscript, however, equation

numbers do not correspond.

Definition 3 (Shape-Tailored Local Descriptors). Let R ⊂ R2 be a bounded region

with non-zero area and smooth boundary ∂R. Let I : R → Rk. A Shape-Tailored

Descriptor, u : R → RM (where M = n × m, n,m ≥ 1) consists of components

uij : R → R so that u = (u11, . . . , u1m, . . . , un1, . . . , unm)T . The components are

defined as: 
uij(x)− αi∆uij(x) = Jj(x) x ∈ R

∇uij(x) ·N = 0 x ∈ ∂R
, (B.1)

where 1 ≤ i ≤ n, 1 ≤ j ≤ m, ∆ denotes the Laplacian, ∇ denotes the gradient, N

is the unit outward normal to R, αi > 0 are scales, and Jj : R → R are point-wise

functions of the image I. In vector form, this is equivalent to


u(x)− A∆u(x) = J(x) x ∈ R

Du(x)N = 0 x ∈ ∂R
, (B.2)

where A = diag(α111×m, . . . , αn11×m) (an M ×M diagonal matrix), 11×m is a 1×m

matrix of ones, D denotes the spatial derivative operator, and J = (J1, . . . , Jm, . . . , J1, . . . , Jm, . . .)
T .

Lemma 2.0.1 (PDE for Descriptor Variation). Let u satisfy the PDE (B.1), h be a
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perturbation of ∂R, and uh denote the variation of u with respect to the perturbation

h. Then 
uh(x)− αi∆uh(x) = 0 x ∈ R

∇uh(x) ·N = us(x)(hs ·N)−NTHu(x) · h x ∈ ∂R
(B.3)

where s is the arc-length parameter of ∂R, hs denotes the derivative with respect to

arc-length, and Hu(x) denotes the Hessian matrix.

Proof. The PDE for uh is obtained by computing the variation with respect to h of

both conditions of the PDE (B.1). The variation of the first equation in (B.1) leads

to the first equation in (B.3). This is because the variation and spatial derivatives

commute by equality of mixed partials as the variation and spatial derivative operators

are independent. Next we compute the variation of the boundary condition using the

Chain Rule:

d[∇u(c(p)) ·N ] · h = NTHu(c(p)) · h+∇u(c(p)) ·Nh = 0, (B.4)

where again we have switched the order of spatial derivatives and the variation by

equality of mixed partials. Let c be a parameterization of ∂R with parameter p, and

cp indicate the derivative w.r.t the parameter. The variation of N = JT = Jcp/|cp|

(J is a 90◦ rotation matrix) is

Nh = J
hp|cp| − cp·hp

|cp| cp

|cp|2
= J(hs − (hs · T )T ) = −(hs ·N)T. (B.5)

Substituting (B.5) into (B.4) leads to the boundary condition in (B.3).

Definition 4 (Green’s Function for (B.3)). The Green’s function, Kαi
: R×R→ R,
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for the problem (B.3) (and (B.1)) satisfies


Kαi

(x, y)− αi∆xKαi
(x, y) = δ(x− y) x, y ∈ R

∇xKαi
(x, y) ·N = 0 x ∈ ∂R, y ∈ R

(B.6)

where ∆x (∇x) is the Laplacian (gradient) with respect to x, and δ is the Delta

function.

Lemma 2.0.2 (Region and Boundary Integrals of K). If f : R → R, g : ∂R → R

and

û(x) =

∫
R

Kαi
(x, y)f(y) dy −

∫
∂R

Kαi
(x, y)g(y) ds(y) (B.7)

where K is the Green’s function that satisfies (B.6), then û satisfies


û(x)− αi∆û(x) = f(x) x ∈ R

∇û(x) ·N = g(x) x ∈ ∂R
. (B.8)

Proof. This is a standard result in PDE (see, for example [102], for a proof).

Proposition 2.0.3 (Descriptor Gradient). The gradient with respect to c = ∂R of

u(x) (one component of u(x)), which satisfies the PDE (B.1), is

∇cu(x) =

[
(Du)TDyKαi

(x, ·) +
1

αi
Kαi

(x, ·)(u− Jj)
]
N (B.9)

where N is the outward normal, Dy denotes the derivative wrt the second argument

of Kαi
, and Du indicates the spatial derivative of u.

Proof. By the property (B.7), we may express the solution of (B.3) as

uh(x) = −
∫
∂R

Kαi
(x, y)

[
us(y)hs ·N −NTHu(x) · h

]
ds(y)

=

∫
∂R

[
∂s(Kαi

usN) +Kαi
NTHu

]
· h ds,
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where ∂s denotes derivative with respect to arc-length. Therefore, ∇cu(x) is the

bracketed expression above, which we now simplify. We note that Ns = κT , and by

differentiating the boundary condition ∇u(c(s)) ·N = 0 in s, we find that NTHu(x) ·

T = −usκ where κ is the signed curvature of c. Using the former two properties, we

have

∇cu(x) = ∂s(Kαi
us)N +Kαi

usκT +Kαi
(NTHu ·N)N +Kαi

(NTHu · T )T

=
[
∂s(Kαi

us) +Kαi
(NTHu ·N)

]
N. (B.10)

Now note that uss = ∂s(∇u · T ) = T THu · T + ∇u · κN = T THu · T using that

∇u ·N = 0. This implies that ∆u = uss +NTHu ·N . Using (B.10), we have that

∇cu(x) = [Kαi,sus +Kαi
∆u]N. (B.11)

Using ∇u ·N = 0 on ∂R and u− αi∆u = Jj into (B.11) gives

∇cu(x) =

[
∇u · ∇yKαi

(x, ·) +
1

αi
(u− Jj)Kαi

(x, ·)
]
N. (B.12)

Proposition 2.0.4 (Integrals of Descriptor Gradient). Let f ,g : R → RM and u be

the Shape-Tailored Descriptor in R (as in (B.2)). Then

Id[R,u, f ,g] := −
∫
∂R

∇cu(x)g(x) ds(x)+

∫
R

∇cu(x)f(x) dx =
(
tr[(Du)TDû] + (u− J)TA−1û

)
N

(B.13)

where dx is the area measure, ds is the arclength measure, N is the outward normal
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to the boundary of R, tr denotes matrix trace, and


û(x)− A∆û(x) = f(x) x ∈ R

Dû(x)N = g(x) x ∈ ∂R
. (B.14)

Proof. Let u, f , g denote components of u, f , g. Then

∫
∂R

∇cu(x)g(x) ds(x) =

∫
∂R

N

[
(Du)TDyKαi

(x, ·) +
1

αi
Kαi

(x, ·)(u− Jj)
]
g(x) ds(x)

(B.15)

= N

[
∇y ·

∫
∂R

Kαi
(x, ·)(Du)Tg(x) ds(x) +

1

αi

∫
∂R

Kαi
(x, ·)(u− Jj)g(x) ds(x)

]
(B.16)

= N

[
∇y · (Du)T

∫
∂R

Kαi
(x, ·)g(x) ds(x) +

1

αi
(u− Jj)

∫
∂R

Kαi
(x, ·)g(x) ds(x)

]
.

(B.17)

Note that ∇y· indicates divergence with respect to the second argument of the kernel

Kαi
, and also that the arguments of u,Du, Jj depend on the point of the curve that

has been suppressed for ease of notation. We may follow a similar computation to

arrive at

∫
R

∇cu(x)f(x) dx = N

[
∇y · (Du)T

∫
R

Kαi
(x, ·)f(x) dx+

1

αi
(u− Jj)

∫
R

Kαi
(x, ·)f(x) dx

]
.

(B.18)

Then by summing expressions, we arrive at

−
∫
∂R

∇cu(x)g(x) ds(x) +

∫
R

∇cu(x)f(x) dx = N

[
(Du)TDû+

1

αi
(u− Jj)û

]
(B.19)
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where

û(y) = −
∫
∂R

Kαi
(x, y)g(x) ds(x) +

∫
R

Kαi
(x, y)f(x) dx, (B.20)

by symmetry of the Green’s function and Lemma 2.0.2. Writing (B.19) and (B.20)

in vector form gives the result of this proposition.

Proposition 2.0.5 (Weighted Area Gradient). Let F : RM → R and u : R → RM

be the Shape-Tailored Descriptor on R. Define the weighted area functionals as AF =∫
R
F (u(x)) dx. Then

∇cAF = (F ◦ u)N + Id[R,u, (∇F ) ◦ u,0] (B.21)

where Id is defined as in Proposition 2.0.4.

Proof. The gradient above can be derived by using the Chain-Rule. The gradient of

the functional, assuming that the descriptor does not vary with the curve, is added

to the gradient of the functional with respect to the descriptor. The former is ob-

tained using classical results (e.g., [28]), and is the first term in (B.21). The latter

is
∫
R
∇cu(x)∇F (u(x)) dx, which by Proposition 2.0.4 results in the second term of

(B.21).

2.1 Numerical Discretization

We show the discretization scheme for the PDE
u(x)− α∆u(x) = f(x) x ∈ R

∇u(x) ·N = g(x) x ∈ ∂R
, (B.22)

where N is the outward normal. Note that this is the type of equations that are

satisfied by the descriptors u,v and the functions û, v̂. We assume that R = {x ∈

Ω : Ψ(x) ≤ 0} where Ψ : Ω→ R is the level set function. We use central differences
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to discretize the Laplacian:

∆u(x) =
∑
y∈Nx

(u(y)− u(x)) =
∑

y∈Nx∩R

(u(y)− u(x)) +
∑

y∈Nx∩Rc

(u(y)− u(x)) (B.23)

where Nx is a 4-neighbor of x. Note that u(y) for y ∈ Rc is not defined, but using

a discretization of the boundary condition, we have that u(y) − u(x) = g(x) for

y ∈ Nx ∩Rc and x ∈ R. Thus, we have

∆u(x) =
∑

y∈Nx∩R

(u(y)− u(x)) +
∑

y∈Nx∩Rc

g(x). (B.24)

Therefore, the final discretization of the PDE is

(1 + α|Nx ∩R|)u(x)−
∑

y∈Nx∩R

u(y) = f(x) + |Nx ∩Rc|g(x), x ∈ R (B.25)

where |Nx ∩ R| is the number of pixels in Nx ∩ R. This is now in the form where

standard linear solvers (e.g., conjugate gradient, multigrid) may be applied.

Note that in narrowband level set methods, the speed function must be extended

into the narrowband (1-pixel dilation of R), and this requires that u, û be extended

into the narrowband. Therefore, we show how u defined in (B.22) can be extended to

the narrowband. This can be accomplished by discretizing the boundary condition,

which yields

u(y) = u(x) + g(x), y ∈ Nx ∩Rc (B.26)

and x ∈ Ny ∩R is such that x is the point with closest distance to a zero crossing of

the level set function Ψ.



114

C Continuum Gaussian Scale Space based Energy and it’s

Gradient

3.1 Proofs of Lemmas and Propositions

Lemma 3.1.1. Suppose I : R2 → R and a = avg(I) = avg(u(t, ·)). Then

E =

∫ ∞
0

∫
R2

|u(t, x)− a|2 dx dt =

∫
R2

|H(ω)Î(ω)|2 dω, where H(ω) =
1√
2|ω|

, (C.1)

where Î denotes the Fourier transform, and ω denotes frequency.

Proof. Taking the Fourier transform of the Heat Equation:


∂tu(t, x) = ∆u(t, x) x ∈ R2

u(0, x) = I(x) t = 0

yields:

∂tû(t, ω) = (iω) · (iω)û(t, ω) = −|ω|2û(t, ω),

where û(t, ω) is the Fourier transform of u. Solving this differential equation yields

û(t, ω) = e−|ω|
2tÎ(ω).

We note that a = 0 when I ∈ L2 since Î(0) =
∫
R2 I(x) dx is finite. Then by Parseval’s
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Theorem,

E =

∫ ∞
0

∫
R2

|u(t, x)− a|2 dx dt =

∫ ∞
0

∫
R2

|û(t, ω)|2 dω dt (C.2)

=

∫
R2

∫ ∞
0

e−2|ω|2t dt · |Î(ω)|2 dω (C.3)

=

∫
R2

− 1

2|ω|2
e−2|ω|2t

∣∣∣∣t=+∞

t=0

|Î(ω)|2 dω =

∫
R2

1

2|ω|2
|Î(ω)|2 dω (C.4)

=

∫
R2

|A(ω)Î(ω)|2 dω (C.5)

where A(ω) = 1/(
√

2|ω|).

Lemma 3.1.2. The Lagrange multiplier λ satisfies the following Heat Equation with

forcing term, evolving backwards in time:


∂tλ(t, x) + ∆λ(t, x) = f ′(u(t, x)) x ∈ R× [0, T ]

∇λ(t, x) ·N = 0 x ∈ ∂R× [0, T ]

λ(T, x) = 0 x ∈ R

. (C.6)

The solution of this equation can be expressed with Duhamel’s Principle [107] as

λ(t, x) = −
∫ T

t

F (s− t, x; s) ds. (C.7)

where F (·, ·; s) : [0, T ]×R→ R is the solution of the forward Heat equation Eqn. (1)

(in the paper) with zero forcing and initial condition f ′(u) evaluated at time s, i.e.,


∂tF (t, x; s)−∆F (t, x; s) = 0 (t, x) ∈ [0, T ]×R

∇F (t, x; s) ·N = 0 x ∈ [0, T ]× ∂R

F (0, x; s) = f(u(s, x)) x ∈ R

. (C.8)
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In the case that f(u) = (u− a)2, λ can be expressed as

λ(t, x) = −2

∫ T

t

(u(2s− t, x)− a) ds. (C.9)

Proof. We define

E(R, u, λ) =

∫
R

∫ T

0

f(u) dx dt+

∫
R

∫ T

0

(∇λ · ∇u+ λ · ut) dx dt. (C.10)

Integrating by parts, we have that

E =

∫
R×[0,T ]

[f(u)− (∂tλ+ ∆λ)u] dx dt (C.11)

+

∫
R

λu|t=Tt=0 dx+

∫
∂R×[0,T ]

(∇λ ·N)u ds(x) dt, (C.12)

where ds denotes the arc-length measure of ∂R, and N is the unit outward normal

of ∂R. Differentiating E in the direction (perturbation) ũ of u evaluated at u yields

dE(u) · ũ =

∫
R×[0,T ]

[f ′(u)− (∂tλ+ ∆λ)] ũ dx dt (C.13)

+

∫
R

λũ|t=Tt=0 dx+

∫
∂R×[0,T ]

(∇λ ·N)ũ ds(x) dt. (C.14)

Note that ũ(0) = 0 since u(0) = I is fixed and thus may not be perturbed. We may

choose∇λ·N = 0 on ∂R and λ(T ) = 0. We are interested in u such that dE(u)·ũ = 0

for all ũ. This yields the condition that


∂tλ(t, x) + ∆λ(t, x) = f ′(u(t, x)) x ∈ R× [0, T ]

∇λ(t, x) ·N = 0 x ∈ ∂R× [0, T ]

λ(T, x) = 0 x ∈ R

. (C.15)

To express the solution to the above equation in a more convenient form, we may use
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Duhamel’s Principle. The latter states that a linear PDE with forcing term δ(t−s) is

equivalent to the same PDE with zero forcing and initial condition at s of 1. We may

express the forcing term as
∫

[0,T ]
f(u(x, s))δ(s− t) ds, and thus combining linearity of

the PDE with Duhamel’s Principle yields that

λ(t, x) = −
∫ T

t

F (s− t, x; s) ds, (C.16)

i.e., it is the sum of solutions of the PDE with zero forcing and initial condition

f(u(x, s)) at time s, specifically,


∂tF (t, x; s)−∆F (t, x; s) = 0 (t, x) ∈ [0, T ]×R

∇F (t, x; s) ·N = 0 (t, x) ∈ [0, T ]× ∂R

F (0, x; s) = f(u(s, x)) x ∈ R

. (C.17)

In the case that f(u) = (u− a)2 then f ′(u) = 2(u− a), the PDE for F becomes


∂tF (t, x; s) = ∆F (t, x; s) x ∈ R× [0, T ]

∇F (t, x; s) ·N = 0 x ∈ ∂R× [0, T ]

F (0, x; s) = 2(u(s, x)− a) x ∈ R

, (C.18)

which is the forward Heat Equation with initial condition being the solution of the

same Heat Equation evaluated at time s. By the semi-group property of the Heat

Equation, we have that

F (t, x; s) = 2(u(s+ t, x)− a), (C.19)
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and therefore using (C.16),

λ(t, x) = −2

∫ T

t

(u(s+ s− t, x)− a) ds = −2

∫ T

t

(u(2s− t, x)− a) ds. (C.20)

Proposition 3.1.3. The gradient of E with respect to the boundary ∂R can be ex-

pressed as

∇∂RE =

∫ T

0

[f(u) +∇λ · ∇u+ λ∂tu] dt ·N, (C.21)

where N is the normal vector to ∂R. In the case that f(u) = (u− a)2 and as T gets

large, the gradient approaches

∇∂RE =

(
−1

2
|∇λ(0)|2 − λ(0)[u(0)− a]

)
N, λ(0, x) = −

∫ 2T

0

(u(s, x)− a) ds,

(C.22)

where λ(0) and u(0) denote the functions λ and u at time zero.

Proof. To compute the gradient of E, we compute the gradient of E in (C.10) with

respect to ∂R treating λ and u independent of R as in the theory of Lagrange mul-

tipliers. In this case, this is just a classical result in the calculus of variations (e.g.,

[28]), in particular the integrand (with respect to R) is multiplied by the outward

normal along ∂R to obtain the gradient:

∇∂RE =

∫ T

0

[f(u) +∇λ · ∇u+ λ∂tu] dt ·N. (C.23)

Note that using a change of variables τ = 2s− t, we may write λ in (C.9) as

λ(t, x) = −
∫ 2T−t

t

(u(τ, x)− a) dτ, t ∈ [0, T ], (C.24)

as in (C.22).
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If f(u) = (u− a)2, then we may write ∇E = FN where

F =

∫ T

0

(u− a)2 +∇λ · ∇u+ λ∂tu dt. (C.25)

Integrating by parts in t yields

F =

∫ T

0

(u− a)2 +∇λ · ∇u− ∂tλu dt− λ(0)u(0). (C.26)

If we let T →∞, then

λ(t, x) = −
∫ ∞
t

(u(τ, x)− a) dτ, (C.27)

and so

F =

∫ ∞
0

(u− a)2 +∇λ · ∇u− u(u− ai) dt− λ(0)u(0) (C.28)

=

∫ ∞
0

−a(u− a) +∇λ · ∇u dt− λ(0)u(0), (C.29)

where we used integration by parts and noted that λ(∞) = 0. Therefore,

F =

∫ ∞
0

∇λ · ∇u dt− λ(0)(u(0)− a), (C.30)

by noting the first term is aλ(0). We may now simplify the integral above:

∫ ∞
0

∇λ(t, x) · ∇u(t, x) dt = −
∫ ∞

0

∫ ∞
t

∇u(τ, x) · ∇u(t, x) dτ dt (C.31)

= −1

2

∫ ∞
0

∫ ∞
0

∇u(τ, x) · ∇u(t, x) dτ dt (C.32)

= −1

2

∫ ∞
0

∇u(τ, x) dτ ·
∫ ∞

0

∇u(t, x) dt (C.33)
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where we have used symmetry of the integrand in the second line above. Therefore,

∫ ∞
0

∇λ(t, x) · ∇u(t, x) dt = −1

2

∣∣∣∣∫ ∞
0

∇u(t, x) dt

∣∣∣∣2 = −1

2
|∇λ(0)|2, (C.34)

and thus substituting into (C.30), we find that

F = −1

2
|∇λ(0)|2 − λ(0)(u(0)− a). (C.35)
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